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ABSTRACT

The case-hardening process modifies the near-surface permeability and conductivity of
steel, as can be observed through changes in alternating current potential drop (ACPD)
along a rod. In order to evaluate case depth of case hardened steel rods, analytical expres-
sions are derived for the alternating current potential drop on the surface of a homogeneous
rod, a two-layered and a three-layered rod. The case-hardened rod is first modeled by a
two-layer rod that has a homogeneous substrate with a single, uniformly thick, homoge-
neous surface layer, in which the conductivity and permeability values differ from those
in the substrate. By fitting model results to multi-frequency ACPD experimental data,
estimates of conductivity, permeability and case depth are found. Although the estimated
case depth by the two-layer model is in reasonable agreement with the effective case depth
from the hardness profile, it is consistently higher than the effective case depth. This led
to the development of the three-layer model. It is anticipated that the new three-layered
model will improve the results and thus makes the ACPD method a novel technique in
nondestructive measurement of case depth.

Another way to evaluate case depth of a case hardened steel rod is to use induction
coils. Integral form solutions for an infinite rod encircled by a coaxial coil are well known,
but for a finite length conductor, additional boundary conditions must be satisfied at the
ends. In this work, calculations of eddy currents are performed for a two-layer conducting
rod of finite length excited by a coaxial circular coil carrying an alternating current. The
solution is found using the truncated region eigenfunction expansion (TREE) method. By

truncating the solution region to a finite length in the axial direction, the magnetic vector



XV

potential can be expressed as a series expansion of orthogonal eigenfunctions instead of as
a Fourier integral. Closed-form expressions are derived for the electromagnetic field in the
presence of a finite a two-layer rod and a conductive tube. The results are in very good
agreement with those obtained by using a 2D finite element code.

In the third part, a new probe technology with enhanced flaw detection capability is
described. The new probe can reduce inspection time through the use of multiple Hall
sensors. A prototype Hall array probe has been built and tested with eight individual Hall
sensor ICs and a racetrack coil. Electronic hardware was developed to interface the probes
to an oscilloscope or an eddy current instrument. To achieve high spatial resolution and
to limit the overall probe size, high-sensitivity Hall sensor arrays were fabricated directly
on a wafer using photolithographic techniques and then mounted in their unencapsulated
form. The electronic hardware was then updated to interface the new probes to a laptop

computer.



CHAPTER 1. ALTERNATING CURRENT POTENTIAL
DROP ON A CONDUCTING CYLINDRICAL ROD

1.1 Introduction

Alternating current potential drop (ACPD) is usually used for crack measurements. A
review of this topic will be given in the next section. In this chapter, however, an ACPD
method is described for estimating electromagnetic properties of conducting cylindrical
rods.

The alternating current can only be carried in the surface layer of a conducting material,
a phenomenon usually called “skin effect”. The penetration depth is determined by the skin

depth ¢,
1

Vruof

where f is the excitation frequency, o is the electrical conductivity of the conductor and

5= (1.1)

4 is its magnetic permeability. The skin depth varies with frequency, causing changes
in the electrical field distribution and the potential drop on the specimen surface. Thus,
by making multi-frequency ACPD measurements and comparing the experimental data
with theoretical predictions, material properties can be assessed. When applied on case
hardened steel, the ACPD measurements provide a way to estimate case depth, which is of
great practical value for quality control of surface-hardened steel products.

Section 1.2 is a brief review of potential-drop and alternating-current-field-measurement
methods. In sections 1.3 — 1.5, analytical ACPD models are developed for homogeneous,

two-layer and three-layer cylindrical rods respectively. Electrical field intensity distribution



in the rods, and the potential drop on the rod surface are derived by solving boundary value
problems. Section 1.6 compares the three different models and shows their relations with
each other. Section 1.7 shows how to evaluate case hardened steel rods using ACPD models.
In section 1.8, the design of an experiment system is described for taking multi-frequency
ACPD measurements on cylindrical rods. Results are given for copper and untreated steel
rods. Strategies are explained for estimating the case depth of hardened steel rods from
multi-frequency ACPD data and a model-based inversion technique. Improvements on the
ACPD experimental system are mentioned in section 1.9. Conclusions and suggestions for

future work are given in sections 1.10 and 1.11.

1.2 Review of potential drop method and alternating current

field measurement

Potential drop method is a nondestructive testing method often used for wall thickness
measurements or crack measurements. Basically, there are two types of potential drop
technique: one is direct current potential drop (DCPD), the other is alternating current
potential drop (ACPD). Figure 1.1 shows the basic experimental arrangement for either
DCPD or ACPD measurements. Contacts are made to the metal through four electrodes,
Ay, Ay, By, By. Current [ is passed through the metal by a current source, between current
electrodes Ay and A,. In DCPD, [ is a direct current. In ACPD, [ is an alternating current.
The potential V' between electrodes B; and By is measured using a potentiometer. Changes
in the V/I ratio are used to determine wall thickness or size and position of cracks. The
distance and configuration for the electrodes vary for different applications. The potential
drop method is extensively used for cracks measurements. A review of research in this area

is given below.



Current Source

Potentiometer

Figure 1.1 Arrangement of a potential drop system.

1.2.1 DCPD

The procedure of measuring cracks using the DCPD method is briefly described here.
First, apply current / and measure the potential Vjgma in the area remote from the crack.
Then place the electrodes centrally over the crack, balance out the thermal electromotive
force and measure Vi, by using the same current / as before. Finally, obtain crack depth
from the ratio of the two potentials Viyex/ Viormal-

The advantages of the DCPD method over the ACPD method include: easier to derive
analytical expressions for the potential drop for various configurations of electrodes, dif-
ferent shapes and dimensions of a specimen; easier to interpret measurement data; stable,
reproducible and insensitive to movements of cables and no inductive pick up due to the
connecting cables [1]. For these reasons, the DCPD technique has interested a number of
researchers [2-6].

In order to obtain a good sensitivity for small changes in the crack size, the traditional



DCPD method involves the application of a large uniform direct current to set up a uniform
electric field throughout the material volume. However, this will cause specimen heating,
a safety problem and the need for expensive precision high-capacity current source. Other
problems in DCPD include thermal electromotive forces and contact voltages of the elec-
trodes. To address these problems, instead of using constant direct current, pulse current
or rapid reversal current can be used to reduce sample heating and remove both thermal
and contact voltage [7]. Another approach is called closely coupled probes potential drop
(CCPPD) technique [8-10]. This technique places the input current leads close to the crack
plane, thus concentrating the electric field created into this region and achieving the same
sensitivity with a smaller input current.

Another technique similar to DCPD is called the Four-point probe method, which uses
DC current to measure resistivity of a metal or semiconductor material [11-15]. It is usually
applied on rectangular solids or circular disks. Recent research also extends this method to

cylindrical materials [16].

1.2.2 ACPD

ACPD applies alternating current to a conducting specimen to establish a uniform
thin-skin electric field on the surface of the specimen. Unlike a direct current which is
transmitted through the entire volume of a specimen, an alternating current is carried only
in a thin layer at the surface whose depth is given by equation (1.1). Therefore, the ACPD
technique is more sensitive to surface breaking cracks than its DC counterpart. The depth
of penetration of the AC fields into the metal is determined by the electromagnetic “skin
depth”, which is a function of the AC frequency, magnetic permeability and conductivity of
the material. A lot of research work has been carried out to investigate the ACPD method
in crack measurements [17-25].

In practice, comparisons are made between measured voltages and predicted voltages

from models, allowing estimation of crack depth and shape without calibration. In cases



where the material is homogeneous and the electric field remains uniform on the specimen
surface and the crack faces, the crack depth can be calculated using a simple one-dimensional
calculation [17]. Non-uniformity of the electric field can lead to errors. Improvements in
both probe design and theoretical interpretation have been made which allow for correction
of field non-uniformity [17,18]. More elaborate models than the simple one-dimensional
model have been used successfully to measure crack depth in a transition weld [19].
ACPD system is subject to inductive pick up voltage caused by the connecting cables.
The pickup voltage increases linearly with the frequency of the supply current. Compared
with DCPD, ACPD requires lower measuring current to be applied for a given sensitivity.
It is easier to design instrumentation for ACPD because it is easier to measure a small
alternating voltage and achieve a high signal to noise ratio. Alternating current measure-
ments inherently require that the crack be open and that the test contacts be applied on
the cracked surface. Direct current measurements can, in principle, be used to detect cracks
or voids that are not connected to the surface being tested but the interpretation of the

measurements can be very complex.

1.2.3 Alternating current field measurement (ACFM)

One of the limitations of both the DCPD and the ACPD techniques is the requirement
of good electrical contact with the metal surface by the pick-up points, which is not always
easy to achieve. This led to the development of alternating current field measurement
(ACFM), a non-contacting technique. The ACFM technique involves inducing a locally
uniform current into a test object and measuring the magnetic flux density above the test
object surface with nonconducting coils. The presence of a surface breaking discontinuity
perturbs the induced current and the magnetic flux density. Mapping of the perturbation of
this magnetic field provides an alternative means of measuring crack depth and crack length
without the requirement for a contacting probe. The large perturbation of the magnetic field

that occurs at the end of a defect also allows this method to be used for crack detection.



Therefore ACFM offers the capability of both detection and sizing of surface breaking
defects without the need for calibration and without the requirement for cleaning the metal
surface [24,26]. The ACFM technique has been used in different areas to detect cracks and

size surface breaking defects in a wide range of structural materials [27-32].

1.3 Alternating current potential drop (ACPD) theory for

homogeneous cylindrical rods

Suppose an alternating current is applied along an infinitely long cylindrical rod with
a radius a. The current varies sinusoidally with time as the real part of e™*. The electro-
magnetic field inside the rod is governed by Maxwell’s equations, which in the quasi-static

limit, i.e., in the limit of negligible displacement current, can be written as:

VxH=J (1.2)
oB
VxE=-—2 (1.3)

In addition, Ohm’s Law can be written as
J=0E. (1.4)

It is assumed that there exists linear isotropic constitutive relation B = pH. In these
equations, u and o are the magnetic permeability and electrical conductivity of the metal
rod respectively. Equations (1.2), (1.3) and (1.4) can be used to give the following equation
for E

OE

E=—noc=—=. 1.5
V x V x Ho—= (1.5)

Note Vx V x E = V(V-E) — V2E. Since there are no free charges in the rod, V- E = 0.

Using the fact that E varies with time ¢ as *?, (1.5) can be written as

V2E = jwuoE = —k’E (1.6)



where k2 = —jqwuo, k = (1 — 3)/§ and ¢ is the electromagnetic skin depth defined as
§ = 1/2/(wpe). Due to the symmetry of the rod, E is a function of radial coordinate p
only. Putting E = 2E(p, k), equation (1.6) gives

8°E  10E
L L KPE =0 .
57t o 0 (1.7)

This is a modified form of the equation for the zeroth order Bessel function. By applying
the boundary condition on the rod surface that F = Eq where p = a, equation (1.7) has

the following solution:

E(p, k) = EyJo(kp)/ Jo(ka). (1.8)
The total current passing through the rod can be expressed as
I =270 /a E(p,k)pdp. (1.9)
0

Using equation (1.8) and the following integration

a a
/0 Jolkp)pdp = 7 i (ka). (1.10)
Equation (1.9) gives
2no aly
= —n«=Ji(ka). .
I FJalka) Ji(ka) (1.11)
Hence the surface electric field is related to the total current by
k1Jy(ka)
AN ot 1.12
Eo(k) 270 aJi(ka) ( )

Letting [ be the length measured along the rod between the two contact points of the voltage

electrodes (shown in Figure 1.2), the potential drop between these two points is given by

kI Jo(ka)

V(k) = Eo(k)l = 2o ad (ha

(1.13)

The measured voltage includes a contribution from the electromotive force (emf) induced
in the voltage measurement circuit due to changing of magnetic flux linking this circuit.
Expressing the induced emf Viyq in terms of the self inductance L, where L is defined as

L= —‘j{Z—j}—d, the total voltage, Vi, sensed across a length [ of the rod is

kL1 Jo(ka)

= LI 1.14
T 2n0 ady(ka) 7 (1.14)



Power Supply

4

(Vi)
&

Figure 1.2 Schematic diagram of the four-point ACPD measurement
system.

The rod impedance is defined as

klJy(ka)
Lrod = =" L. 1.15
17 270 ady(ka) T (1.15)

Equation (1.15) can be used to estimate material properties of a homogeneous rod from

multi-frequency potential drop measurements.

1.4 ACPD theory for two-layer cylindrical rods

Consider a two-layered cylindrical rod with outer radius b and inner radius a, Figure
1.3. The conductivity and relative permeability are oo, and ps in its outer layer, oy, and
u1 in the inner layer. Using a cylindrical polar coordinate system, putting the axis of the
rod as z direction, one can define the coordinates of p and ¢ consequently.

When applying an alternating current down the axis of the case hardened steel rod (z

direction), the electric field intensity in the rod is governed by equations similar to (1.7),



Figure 1.3 Cross-sectional diagram of a three-layer rod.

with different conductivity and permeability for the two regions:

2E, 10E
8/)21 + ;5,;1 + BB, =0 0<p<a) (1.16)
0’E, 10E
"ﬁ*;?&f*’“%:o (a<p<b), (1.17)

where ky, ko are given by kf = —wpo; for i = 1,2, Note that E; and Ey are both in the

z direction. The solution to equation (1.16) can be borrowed from equation (1.8),

Because Bessel function Yy(kop) goes to infinity while p goes to zero, it is not included in
the solution (1.18). But it is necessary to include it in the solution to the equation (1.17)

for the surface layer:

Ex(p, k) = Eo|BJo(kap) + CYo(kep)]. (1.19)

Note that A, B, C above are coefficients to be determined by the following boundary con-

ditions.
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First, assuming the electric field intensity on the rod surface is Fy, i.e. Ey = Ey when
p =10, gives
BJo(keb) + CYy(kab) = 1. (1.20)

Next, the tangential part of electric fields are continuous on p = a, hence

Bjo(k'ga) + C%(kg@) = AJo(kla). (121)
Third, from
oF -
VxE=—-——- 1.22
and
V x E = —jwuHy (1.23)

and the fact that the tangential part of magnetic field intensity is continuous at p = a, one

can get
1OE _19E (1.24)
pr Op  pa Op
From (1.18) and (1.19),
0FE,
—— =~ EoAki Ji(kp), (1.25)
0
and
0F,
—é—p— = —Eokg[BJl(kgp) -+ Cyl(kgp)], (126)
thus the third interface condition is given by,
B,ulngl(lcga) + C,ulngl(k'ga) = A/J,lejl(kla). (127)

The coefficients A, B, C' can now be obtained from equations (1.20), (1.21), and (1.27). It
is found that

A= Ay/A, B=Ag/A,  C=Ag/A (1.28)

where

AA = /,leg[Jl(kQCL)}/o(kga) - }/1(]{;2@):]0(]62@)] (129)

AB = —-/,le'gyl(k’ga)(]g(k'la) -+ /,1,2/'{31 Jl(kla)}/()(kgto (130)
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AC = —uglil(kla)Jo(kga) + Mlkgjo(leL)Jl(kQa) (131)
and
A = —/,lezjo(kla,)Jo(kzb)}/l(kga) — ,ugkljl(kla>Jo(k2a)Yb(kgb)
+/4L2k31J1(]€1a)J0(k2b))/0(k’Q(I) -+ /,leigjl(k'ga)}/g(kgb):]o(kla) (132)
= JO(KQb)AB -+ }/o(kgb)Ac (133)

A better way to solve the problem is to express B and C in terms of A from (1.21) and
(1.27), then substitute the expressions for B and C into (1.20) to solve for A. The following

Wronskian relation is useful to simplify expressions,

Ji(2)Yo(2) — Jo(2)Yi(z) = ;QZ- (1.34)

Multiply both sides of (1.27) with Yy(koa) and (1.21) with pk,Y1(kea) and subtract

them, use Wronskian relation (1.34) to simplify the results, one gets

B=_2p4 (1.35)
24
where
P = ,uglil(kla)Yo(kga) - ulngo(kla)Yl(kza). (136)

Similarly, multiply both sides of (1.21) with ke Ji(kea) and (1.27) with Jo(kya) and sub-

tract them to give

C=_"QA (1.37)
2
where
Q = /,legjo(kla)Jl(kQa) — ,[LleJl(kla)Jo(kQCl). (138)

The Wronskian relation (1.34) has been used again. Substitute (1.35) and (1.37) into (1.20)

to solve for A, one has

2
[PJo(kab) + QYo(kab)]

Thus, the coefficients A, B and C are expressed as (1.35) — (1.39), which are simpler

- 1
A=— (1.39)

compared with expressions in (1.28) — (1.33). The electric field density inside the rod is
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given by (1.18) and (1.19). The potential drop along the rod can be derived as follows.

Express the current in the rod as

a b
I = 27r01/0 El(p)pdp+27rag/ Ey(p)pdp. (1.40)

Substitute equations (1.18) and (1.19) into (1.40) to get

I

ra b b
5= 27r<71A/0 Jo(klp)pdp+27mgB/ Jo(kgp)pdp—|—27r02(]/ Yolkep)pdp.  (1.41)

Use the result of the following integration

[ Yo(aydz = a¥i(a) + 2 (1.42)
0 w
one can easily get
a aYi(ka) 2
Yo(kp)pdp = iy 1.43
/0 o(kp)pdp PR (1.43)

Using (1.10) and (1.43) to integrate (1.41), one has

I
E— = 27(0'1ACLJ1 (kla)/kl -+ 27(0'2B{b]1(k2b> - aJl(kga)]/kg -+ ZWUQC[Z)Yl(]{EQb) — a)ﬁ(kga)]/kg.
0

(1.44)

Rearrange the above equation to give the electric field intensity on the surface of the rod:

I
Ey = .
07 o1 Aady(kra) k1 + 2709 BbJy (kob) — ady(ka)]/ky + 2705 C[bY 7 (kob) — aYi(kqa))/ ks
(1.45)
Thus the potential drop including the induced emf is
Vi = Epl + gwll, (1.46)

where [ and L are defined in the same way as in equation (1.15). The rod impedance is
defined as

Eol
Zrod = ‘"Jg‘ + jWL (147)

with Ey given by equation (1.45).
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Figure 1.4 Electromagnetic property profiles for induction hardened steel.
Reprint with permission by Marcus Johnson.

1.5 ACPD theory for three-layer cylindrical rods

Recent research by Marcus Johuson [34] shows that conductivity and permeability pro-
files of an induction-hardened steel rod are different from its hardness profile. Normalized
curves in Figure 1.4 [34] show clearly how the depth dependence of the individual electrical
and magnetic parameters is different from that of the hardness. The electrical conductivity
appears to track hardness fairly well but the initial permeability significantly lags behind
the specimen’s hardness profile, which contributes to over estimation of the case depth mea-
surements based on the two layer model [34]. If the material property profile in Figure 1.4
is represented by a piecewise constant approximation, the breakpoint in permeability is
evidently at a deeper position than that in conductivity. A three layer ACPD model is
thus developed to incorporate the difference between conductivity and permeability pro-
files. The parameters for each layer are shown in Figure 1.5. Note that the breakpoint for
relative permeability is at p = ri, whereas the breakpoint for conductivity is at p = ry,
where r9 > 71. The electric field intensity in the rod is governed by

0?Fy n 10FE;
Op*>  p Op

+kiE1 =0 (0<p<m) (1.48)
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Figure 1.5 Cross-sectional diagram of a three-layer rod.

O*Ey  10FE,

57 o + k2B =0 (ri <p <) (1.49)
3;? + ;%E'“‘ +k2E; =0 (re < p < r3) (1.50)

where k? = —jwpi01, k2 = —jwpeoy and k2 = —jwpue0s. The solutions can be written as
Ev(p, k) = EoByJo(k1p) (1.51)
Ea(p, k) = Eo[BaJo(kzp) + C2Yo(kap)] (1.52)
Es(p, k) = Eo|BaJo(ksp) + C3Yo(ksp)] (1.53)

where B, Ba, Cy, By and Cj are the unknown coefficients to be determined from bound-

ary/interface conditions. The interface conditions at p = 7 are

1 8E1 1 aEQ
Erlp=r, = Eo|p=r, —y = . 1.54
1]p QIp M ap |P ,u ap ‘P ( )
The interface conditions at p = ry are
0F, OFjs

EQ‘p:rg = E3‘p:7'2 (155)

ap |P =ry — ap IP =T
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Substitute equations (1.51) - (1.53) into interface conditions (1.54) - (1.55) to give

BiJy(kevry) = Badolkary) + CYo(kary) (1.56)
Bk Jy(kury) = Bopika i (kart) + CopnkoYi (kart) (1.57)
BaJo(kar) + CoYo(kara) = BsJo(ksrs) + CaYo(ksrs) (1.58)

Baka i (kars) + CakyYi(ors) = BaksJi (ksra) + CaksYi (kars). (1.59)

Assuming the electric field intensity is Ey at the rod surface (p = r3), one gets the following

boundary condition from equation (1.53),
ngo(kg’/’g) -+ 035/0(]%7"3) = 1. (160)

The five unknown coefficients can be found from equations (1.56) — (1.60) using a recursive
method. First express By and Cj in terms of By using equation (1.56) and (1.57). Next
express Bz and Cs in terms of By and Cy from equation (1.58) and (1.59). Finally, substitute
Bs and Cj in terms of By into (1.60) to solve for B;. Once By is known, the other coeflicients
can be worked out recursively. A similar approach was used in [43].

Multiply both sides of (1.57) with Yy(kor1) and (1.56) with pikeY1(ker1) and subtract

them, one gets

(aky Jy (ki) Yo(kory ) —pa ko Jo(kar1 ) Y1 (kar1)| By = paka{Jy(kery)Yo(kor1)—Jo(kar1) Y1 (ko)) Ba.

(1.61)
Simplify the right-hand side using the Wronskian relation (1.34) and define
P = pgky Ji(kyry)Yo(kary) — prkado(kyry)Yi(kary). (1.62)
Equation (1.61) becomes
By = %PBL (1.63)

Similarly, multiply both sides of (1.57) with Jo(kor1) and (1.56) with pikeJi(keri) and

subtract them, one gets
Try

M1
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where the Wronskian relation is used and
Q= M1k2J1(/€27’1>J0(]€17"1) - M2k1J1(k1T1)Jo(k2T1)« (1-65)

Multiply both sides of (1.59) with Yy(ksry) and (1.58) with k3Y;(ksr1) and subtract them,

one gets
RiBs+ SiCy = %Bg (1.66)
where
Ry = ko Jy(kore)Yo(karo) — ks Jo(kara)Yi(ksra) (1.67)
and
S1 = koY1 (kore)Yo(kare) — ksYo(kora)Y:(kara). (1.68)

Multiply both sides of (1.59) with Jy(ksrs) and (1.58) with ksJy(ksry) and subtract them,

one gets
RoBy + S9Cy = %03 (1.69)
where
Ry = ks Jo(kore)J1(ksra) — ko Jy(kora) Jo(Kars) (1.70)
and
Sy = ksYo(kore) Ji(ksra) — koY1(kara) Jo(ksra). (1.71)

Note that Wronskian relation is used in deriving equations (1.66) and (1.69). From equa-

tions (1.66) and (1.69), one can express Bs and Cj in terms of By and C; in a matrix

form
Bl _ ZQC% e R (1.72)
03 R2 52 02
Substitute equations (1.63) and (1.64) into (1.72) to give
Bol _mrn | P50 (1.73)

Cs 4 Ry P+ 5,Q
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Substitute equation (1.73) into equation (1.60), one can solve for By,

B = A , (1.74)
m2rori [(Ra P + S1Q) Jo(ksrs) + (Ra P + S2Q)Yo(ksrs)]
The current along the rod can be written as
T1 T2 3
I= 27r01/0 Ei(p)pdp + 2%01/ Eqy(p)pdp+ 2#02/ Es(p)pdp. (1.75)
1 72

Substitute equations (1.51)-(1.53) into (1.75), after integrating and rearranging the results,

the electric field intensity in the rod is expressed as

I
Fo = o[BIy (kyry) + BTy + GO, + BTy 4 QT (1.76)
where

T1 = roJy(kory) — riJ1(kare) (1.77)
Ty = roY1(kary) — r1Y1(kory) (1.78)
T3 = r3Ji(ksrs) — roJi(ksro) (1.79)
Ty = r3Y1(ksrs) — roYi(kars). (1.80)

The voltage drop along the rod including the induced emf is
Vip = Eol + gjwLI (1.81)

where [ and L are defined in the same way as in equation (1.15). The rod impedance can

be defined the same as equation (1.47).

1.6 Comparison for the different ACPD models

The three ACPD models are related to each other. With a few modifications, the
three-layer model can be simplified to the two-layer model, and the two-layer model can be
reduced to the homogeneous one.

There are different ways to simplify three-layer model to the two layer model. First,

let’s change the conductivity in the middle layer to o3 in the three-layer model. Thus the
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middle and outer layer have the same parameters. As a result, some of the equations in
Section 1.6 can be simplified. Substitute ks = k3 into equations (1.67), (1.68), (1.70) and

(1.71), one gets

Sy =Ry=0 (1.82)
2
Ri=S=—. (1.83)
TTro

Substitute (1.82), (1.83) and ky = k3 into equations (1.66), (1.69) and (1.74) to get

. 2
B = BT lara) + OVallara)] (1.84)

B3 = B2 and C3 = C2. (185)

Substitute (1.85) into (1.52) and (1.53), one has
Ey = Es. (1.86)

Thus the electrical field are the same in the middle layer and the outer layer. This is
straightforward since the conductivity and the permeability are set the same in both layers.
Comparing expressions in (1.62) -—— (1.65) and (1.84) with the expressions in (1.35) —
(1.39), one finds that the coefficients A, B, C in the two-layer model are the same as the
coefficients B;, By, Bs in the three-layer model provided that b = r3 and a = r;. Thus the
three-layer model is simplified to the two-layer model.
Another way to compare the two-layer and three-layer model is to set ro = r; in the

three-layer model. Replacing r2 by r; in equations (1.56)—(1.60), one gets

By Jo(kyry) = BaJdolkary) + CoYo(ker) (1.87)

Bipoky Jy(kir1) = BoprkaJi(kart) + Copinka Yy (kory) (1.88)
Bado(kars) + CoYa(kars) = BaJo(kars) + CsYo(kar1) (1.89)
Bokay (kar1) -+ CakaYi(kor1) = BaksJy(ksry) + CaksYi(ksr1) (1.90)

and

BgJQ(]ng'g) -+ Ong(kg’f‘g) =1. (191)
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Note that equations (1.87), (1.88) and (1.91) are the same as equations (1.56), (1.57) and
(1.60). Only equations (1.89) and (1.90) have been changed. Since the right hand side of
equation (1.87) is the same as the left hand side of equation (1.89), they can be combined
to give

Bljo(klrl) == BgJQ(k‘g?"l) -+ C’ng(k’gT‘l). (192)

Similarly, equations (1.88) and (1.90) can be combined to give
Blugkljl(kﬂ’l) = Bg,ulkgjl(kgﬂ"l) -+ 03/,611{53}/1(]{337"1). (193)

Set ry =a,r3 =0, By = A, By = B, C3 = C in equations (1.91), (1.92) and (1.93), and
keep in mind that k3 in the three-layer model is the same as k; in the two-layer model since
they both represent the outermost layer with o9 and p.9, one finds that these equations are
the same as the equations (1.20), (1.21) and (1.27) for the two-layer rod model. Thus the
three-layer model can be reduced to the two-layer model by setting ro = ry.

The relationship between the two-layer model and the homogeneous one is more obvious.
Let the conductivity and the relative permeability be the same in the outer layer and the
inner layer, i.e.,

fy =iy =, Og=01=0, ko=1k =k (1.94)

Substitute (1.94) into (1.35) — (1.39), one gets

Q=0 (1.95)
P = %’é (1.96)
C=0 (1.97)
1
_ 5 Eodo(kp)

Comparing (1.99) and (1.8), one finds they are equivalent.

Another way is to set a = b. Thus equation (1.21) becomes
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Note that equation the left hand side of (1.100) and (1.20) are the same. They can be

combined to give

Thus we have
1
A= —Fr, 1.102
A (1102

Substitute equation (1.102) into (1.18), we get

. EOJ()(kp)

Br= =) (1.103)

which is the same as the equation (1.8) in the homogeneous rod. Since a = b, equation
(1.103) is the electrical field intensity in both layers.

It seems one can simplify the two-layer model by assigning the parameters of the outer
layer to be those of air, i.e., o9 = 0, o = 1. However, in such case, ky = 0, Y5(0) — —o0
and equation (1.19) does not hold. Therefore, this is not a good way to check the relation
between two-layer and homogeneous models.

Figures 1.6 — 1.9 show the difference among the ACPD models. Normalized rod
impedance is plotted over a range of frequencies for two different three-layer rods (rod
1 and rod 2). Conductivity and relative permeability for both rods are o7 = 4.9 MS/m,
oo = 3.6 MS/m, p,1 = 65, o = 41. These parameters are representative of a typical
case-hardened steel rod. Layer radii for rod 1 are ry = 4.2 mm, 75 = 4.5 mm, r3 = 5.5 mm.
For rod 2, they are vy = 3 mm, ro = 3.5 mm, r3 = 5.5 mm. In figure 1.6 and 1.7, the inner
radius of the two-layer model is selected to be 1. The outer radius is 3. In figure 1.8 and
1.9, the inner radius of the two-layer model is selected to be ro. The outer radius is 3. The
rod impedances are normalized by a homogeneous rod impedance which has a radius of 5.5
mm, conductivity o7 = 4.9 MS/m and relative permeability 1 = 65.

At very low frequency, the imaginary part of the rod impedance can be neglected and
the real part is determined by the conductivity only. Thus at the low frequency limit,

the three-layer rod is reduced to a two-layer model because the conductivity has only two
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Figure 1.6 Comparison of different ACPD models (real part) for two rods
(rod 1 and rod 2) with different layer depths. Conductivity and
permeability for both rods are the same. The radius for the inner
layer in the two-layer model is equal to the smaller interface
radius, r1, in the three-layer model. Curves are normalized hy
dividing by the real part of the impedance of a homogeneous rod
with radius 5.5 mm, conductivity oy = 4.9 MS/m and relative
permeability p,1 = 65.
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Figure 1.7 Comparison of different ACPD models (imaginary part) for two

rods (rod 1 and rod 2) with different layer depths. Conductivity
and permeability for both rods are the same. The radius for the
inner layer in the two-layer model is equal to the smaller inter-
face radius, r1, in the three-layer model. Curves are normalized
by dividing by the imaginary part of the impedance of a homo-
geneous rod with radius 5.5 mm, conductivity o7 = 4.9 MS/m
and relative permeability u,; = 65.
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Figure 1.8 Comparison of different ACPD models (real part) for two rods

(rod 1 and rod 2) with different layer depths. Conductivity and
permeability for both rods are the same. The radius for the
inner layer in the two-layer model is equal to the larger interface
radius, 79, in the three-layer model. Curves are normalized by
dividing by the real part of the impedance of a homogeneous rod
with radius 5.5 mm, conductivity o1 = 4.9 MS/m and relative
permeability p,1 = 65.
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Figure 1.9 Comparison of different ACPD models (imaginary part) for two
rods (rod 1 and rod 2) with different layer depths. Conductivity
and permeability for both rods are the same. The radius for the
inner layer in the two-layer model is equal to the larger interface
radius, r9, in the three-layer model. Curves are normalized by
dividing by the imaginary part of the impedance of a homoge-
neous rod with radius 5.5 mm, conductivity o; = 4.9 MS/m and
relative permeability u,; = 65.
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different values. In this case, the layered rod can be treated as two resistors with different
conductivities connected in parallel. Refer to Figure 1.3, at low frequency limit, let R be
the total resistance of a layered rod with length [, R; be the resistance for the inner layer

with conductivity o; and R, be the resistance for the inner layer with conductivity os.

From
1 1 1
— = — A — 1.104
it is easy to derive the following equation,
[ l
R= (1.105)

0151 + 095, - (o) ~ 03)a? + woab?
where a is the radius for inner layer with conductivity oy, b is the outer layer radius, S; and
Sy are the cross-section area of the two layers, as shown in Figure 1.3. From (1.105), it is
obvious that when a increases, the rod resistance R reduces. This is shown in Figure 1.6 and
Figure 1.8. In Figure 1.6, the two-layer model gives a higher resistance than the three-layer
model the low frequency range. This is because when a = rq, the radius for the region of o,
is smaller in the two-layer rod than that of the three-layer model. However, in Figure 1.6,
a = 19, which means radius for the region of o is the same in both two-layer and three-layer

models, thus they give the same rod resistance in the low frequency limit.

1.7 Application: using ACPD models to evaluate case hardened

steel rods

Case hardening of steel components improves the resistance to wear by changing the
carbon content and micro-structure of the surface region. Consequently, the electrical
conductivity and magnetic permeability have different values near the surface compared
with the substrate values. The required depth of the case-hardened layer varies depending
on the purpose for which the steel is needed. Evaluating case depth in steel components is

critical for quality control of both new and remanufactured products.



26

A number of methods have been investigated to to examine the results of case harden-
ing and quantify the effect on components non-destructively [35-41]. Here an alternative
approach is presented using the previous developed models and inverse strategy.

Based on the spirit of starting with a basic model and progressing to a more elaborate
representation later if necessary, the case hardened steel rod specimens are first modelled
as two-layer cylindrical rods with the following assumptions:

1. The breakpoint in electromagnetic properties falls at a point where the hardness is
midway between surface and substrate values, which allows the case depth to be estimated
from electromagnetic measurements.

2. Cylindrical rod specimens are modelled as uniform in the axial direction having a
homogeneous substrate surrounded by a homogeneous surface layer (case hardened layer)
of uniform thickness.

3. The process of case hardening does not modify the material properties below the case
hardened layer. In other words, the conductivity and permeability of the substrate layer of
a case hardened steel rod is the same as that of a non-hardened steel rod.

Under these assumptions, case hardened steel rods can be modelled by the two-layer
ACPD theory. There are five unknown parameters in this model: the substrate conduc-
tivity o, relative permeability p,1, the surface conductivity oo, relative permeability .o
and the surface layer depth (case depth) d. They can be determined separately. While
details are given in the following section, the main approach is summarized here. First, the
conductivity of a non-hardened (homogeneous) rod is obtained by low frequency ACPD
measurements. Next, the relative permeability is determined by fitting multi-frequency
ACPD measurement data with theoretical predictions from equation (1.15). Based on as-
sumption 2, the conductivity and permeability obtained for the homogeneous rod are the
same as those for the inner layer of the case hardened rod (oy and p,1). Although one
can fit both conductivity and permeability from the multi-frequency ACPD measurements,

it is better to fit fewer parameters from the same set of data to improve accuracy in the
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fitting results. The last step is to take multi-frequency ACPD measurements on the case
hardened steel rods. The case depth d, outer layer conductivity o9 and permeability p.o are
evaluated by fitting the experimental data to the theoretical expression in equation (1.47).
In equation (1.15) or (1.47), there is an extra parameter, the induced emf L. Since it only
appears in the imaginary part of the rod impedance, it doesn’t need to be determined if we

only fit the real part of the experimental data.

1.8 ACPD experiment on cylindrical rods

In this section, the ACPD experiment system is described. Conductivity for a copper rod
and homogeneous steel rod were determined by very low frequency ACPD measurements.
The relative permeability for the homogeneous rod was obtained using model-based multi-
frequency ACPD measurements. The ACPD measurements for case-hardened steel rods
can be found in Appendix B and reference [33].

Figure 1.2 shows the schematic diagram of the experimental arrangement for measuring
the ACPD on cylindrical rods. A HP 3325B function generator is used to give the desired
sinusoidal signal, which is amplified by a KEPCO Bipolar operation power supply /amplifier
to provide a constant drive current to the rod. The current is injected into the rod through
two copper rings which are kept in close contact with the two ends of the rod. The voltage
drop along the rod (Vi.q) is measured between two points separated by a distance [. A
precision resistor (R = 0.0471Q)) is connected in series with the rod. The voltage across
the resistor (V) is measured in order to monitor the current through the circuit, I =
Vies/ Bres. Both Vieq and Vies are measured by a SR830 DSP Lock-in amplifier. A switch is

used to toggle between the two measurements.

1.8.1 Conductivity measurements

The conductivity of homogeneous metal rods can be determined independently of other

parameters by very low frequency ACPD measurements. At very low frequency, the skin
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Table 1.1  Conductivity of a copper rod measured at low frequency using
the ACPD measurement system.

conductivity
frequency (Hz) | Viea (mV) | Vies (mV) | (MS/m) | (% IACS)
0.1 132.23 117.71 58.71 101.23
0.5 132.41 117.70 98.62 101.07
1 132.52 117.67 58.57 100.98

Table 1.2 Conductivity of a soft steel rod measured at low frequency using
the ACPD measurement system.

conductivity
frequency (Hz) | Viea (mV) | Vies (mV) | (MS/m) | (% IACS)
0.05 2.167 117.63 3.902 6.727
0.1 2.168 117.65 3.901 6.725
0.5 2.168 117.63 3.900 6.724

depth is much larger than the diameter of the rod, thus the current density along the radius
direction of a homogeneous rod is uniform. As a result, the potential drop in the rod is
independent of its permeability and is determined by its conductivity only. Using very low
frequency ACPD measurements, the conductivity of a homogeneous rod can be calculated

by the following equation
S VS
Rrodl B ‘/rodRresl

(1.106)

g ==

where S is the cross-sectional area of the rod and R,.q is the resistance of the rod between
two measurement points.

An annealed, unalloyed copper rod, 40 cm long and 11.07 mm in diameter, with a known
conductivity of 58.0 MS/m or 100.0% IACS was measured using at 0.1 Hz, 0.5 Hz and 1 Hz
(Table 1.1). The measured conductivity is very close to its known conductivity, indicating
the accuracy of the experiment system. A soft steel rod, which is not case hardened and
considered to be homogeneous, 40 cm long and 11.02 mm in diameter, was also measured

using the same system. Results are shown in Table 1.2.
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Figure 1.10 Comparison between theory prediction and experimental data
for the multi-frequency ACPD measurements on a homogenous
steel rod to determine its relative permeability.

1.8.2 Multi-frequency measurements on homogeneous steel rods

With the conductivity determined by low frequency measurements, the permeability of
the homogeneous steel rod can be obtained from multi-frequency ACPD measurements by
fitting experimental data with the theoretical predictions. As shown in Figure 1.10, ACPD
measurements were carried out from 0.5 Hz to 100 Hz. The rod impedance is plotted
over frequency. With the conductivity fixed at 3.9 MS/m, experimental curves were fitted
with the theoretical model using equation (1.15). The best fitted value for u, is 70. In
Figure 1.10, amplitude of the rod impedance are used for fitting, therefore, induced emf L
was also fitted, whose value was found to be 0.02 pH. To avoid fitting L, one should fit
only real part of the data, as mentioned in the previous section. The experimental data
in Figure 1.10 were recorded manually. After these initial measurement were taken, the
system was controlled automatically as in the Appendix B and in reference [33], more data

were collected over a wider frequency range.
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1.8.3 Multifrequency ACPD measurements on casehardened steel rods

It is assumed that the process of case hardening does not change the material properties
below the case hardened layer. Based on this assumption, the substrate conductivity oy
and permeability u; are the same as for the homogenous steel rod. Thus o; = 3.90 MS/m
and pr1 = 70. With the substrate properties held fixed, the electrical conductivity o,
permeability w5 and case depth d of the outer layer can be fitted using equation (1.46).

Multi-frequency ACPD measurements were not carried out using the preliminary sys-
tem. However, they were performed using an automated system as described in the Ap-
pendix B and reference [33].

MATLAB routines were used to perform the fitting procedure using a built-in function
in MATLAB, “fminsearch”. It is a nonlinear optimization function that can minimize a
function of several variables. For the homogeneous rod, the fitting is simple since there
is only one free parameter: permeability. For the case hardened steel rod, there are three
parameters (d, 09, tr2) to be determined. Because these parameters have quite large differ-
ence in their absolute value, they are normalized in order to make the fitting process more
accurate, i.e., in the fitting program, they vary in percentage instead of in their absolute
values. Initial estimates for the three parameters are given to the function “fminsearch”,
which will search the parameters in a certain range to find the minimum least mean square
(LMS) error between the theoretical model and the experimental data. However, it can
only find the local minimum error according to the given initial guess. In order to find the
global minimum, the initial guesses for three parameters vary gradually in small steps. By
comparing the LMS errors of all the local minimum, the best fitted values for d, o9, pro are

found that give the smallest LMS error.

1.9 Improvements on the ACPD experimental system

In Appendix B and reference [33], an improved ACPD experimental system is described.

A computer program was developed to control the system and take multi-frequency mea-
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surements automatically. The connections and wiring are carefully designed to minimize the
induced emf. New samples are ordered with known hardness profile. A complete discussion
of the updated system and more results are given in Appendix B and reference [33].

However, case depths evaluated using the two-layered ACPD model are consistently
higher than the effective case-depth obtained from hardness profile. Research results by
Marcus Johnson [34] show that the first assumption in Section 1.7 is not accurate. Ac-
cording to [34], the two-layer ACPD model is updated by a three-layer model, as shown
in Section 1.5. The three-layer ACPD model can better represent the conductivity and
permeability profile of a case-hardened rod. It is expected that fitting the measured data
with the three-layered model will improve the accuracy in the evaluation of case depth.

It should be pointed out that fitting with the three-layer model is more complex than the
two-layer model because there is one more parameter: radius of the middle layer. However,
by using the low-frequency limit in equation (1.105) as a constraint, one can reduce the

number of free parameters and improve the overall fitting accuracy.

1.10 Conclusions

In this chapter, analytical models are derived for alternating current potential drop
(ACPD) on homogeneous, two-layer and three-layer cylindrical rods. The relationships be-
tween different models are discussed. MATLAB programs have been developed to calculate
the rod impedance with ACPD method. Comparison for the three ACPD models are given
and their difference are illustrated with figures.

The models are applied to evaluate case hardened steel rods. This is a new method to
determine the case depth of case hardened steel rods. An experimental system is designed
to take ACPD measurements. Measurements are carried out on homogeneous rods. By
fitting experimental data with the theoretical model, material conductivity and permeability
can be found. Model-based inversion strategies have been explained on how to determine

the case depth by measuring the voltage on the rod surface. The data fitting process is
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discussed. The case depths evaluated based on two-layer ACPD model are in reasonable
agreement with the effective case depths obtained from hardness profile. However, they are
consistently higher than the effective case depths. Based on recent advances in the analysis
of conductivity and permeability profiles in hardened steel [34], a new three-layer model is
developed, which is a better representation of hardened steel rods and gives the hope of

improving the accuracy in evaluating case depth with the ACPD method.

1.11 Future work

Research results have clearly shown that the electromagnetic properties do not vary in
the same way as the specimen’s hardness profile [34]. Therefore, the actual case hardened
steel rods are over simplified by the two-layer model. Future work will fit multi-frequency
ACPD data with the three-layer model. In order to reduce the overall fitting errors, the
low frequency limit should be added to the model as a constraint, as mentioned before. If
necessary, the three-layer ACPD model can be expanded to a multi-layer model. However,
this will complicate the data fitting procedure.

In the ACPD system designed in section 1.8, alternating current is injected into the
rod by two copper rings which are kept in close contact with the two ends of the rod.
Voltages are measured at two points between the the current injecting copper rings and
are away from them for a certain distance. This can ensure that at least between the two
voltage measurement points, the current are homogeneous in Z and c/Aﬁ (azimuthal) direction.
Thus the electric field in the rod varies in one-dimension only and the model is simple.
However, this arrangement is inconvenient when taking measurements on large numbers of
rods, and it is feasible only when the rod dimension is large enough. A better approach
is to use point contacting electrodes to inject current and place the current injecting and
voltage measurement electrodes close to each other. But this will require a much more
complicated model because one needs to solve for the three-dimensional electric field in the

rods. Yamashita gave the DC model on cylindrical rods in reference [16]. But an AC model



has not been developed yet.
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CHAPTER 2. EDDY CURRENTS INDUCED IN A FINITE
LENGTH LAYERED ROD BY A COAXIAL COIL

2.1 Introduction

As early as 1968, Dodd and Deeds [42] gave an analytical solution for the electromag-
netic field of a coil encircling an infinitely long cylindrical conductive rod with a uniform
layer whose conductivity and permeability differed from that of the core material. The solu-
tion is in the form of integrals of first-order associated Bessel functions giving the magnetic
vector potential. From the potential, other electromagnetic quantities of interest are ob-
tained including the eddy current density and the coil impedance. Later Dodd, Cheng, and
Deeds [43] generalized the solution for a coil coaxial with a cylindrical conductor having an
arbitrary number of concentric, homogeneous layers. The vector potential, also expressed in
the form of Bessel integrals, employs an recursive relationship to link solutions in adjacent
layers [43].

In this study, a theory for finite length layered rods is developed accounting for end
effects using the truncated region eigenfunction expansion (TREE) method [44-47]. The
work is partly stimulated by the need to evaluate case depths of a case hardened rods taking
into account end effects. This avoids systematic errors that can arise whenever the data is
interpreted using the infinite rod theory [42,43]. There are, in fact, many other possible
applications of the finite rod analysis since the results provide, for example, a simple method
of calculating the impedance of a lossy inductor with a cylindrical core. By truncating the

problem region to a finite length in the axial direction, one can obtain the solutions in the



form of a series. This can be done for a number of similar problems, such as a tube with
a bobbin coil inside [44], a finite homogeneous rod encircled by a coil [45], a cylindrical
ferrite-cored probe in the presence of a layered conducting half space [46], or a long coil
above a conductive plate with a long flaw [47].

As in the above examples, the approach here introduces an artificial boundary to limit
the length of the problem domain in the axial direction. A truncation error is involved
but its magnitude can be reduced to an acceptable level by making the axial span as large
as necessary. Another error is introduced in computation since it is necessary to limit an
infinite series solution to a finite number of terms. This error is easy to control and is small
if a large number of terms is used, yet the computation cost remains very low compared with
that incurred using numerical methods. In fact, the calculation time is also small compared
with that for the numerical integration needed for evaluating the traditional infinite rod

solutions.

2.2 Magnetic vector potential

Consider the case where the coil encircles a finite, layered conductive rod, shown in
Figure 2.1. We assume that the rod has two homogenous layers: an outer layer with outer
radius r9, conductivity o9, relative permeability pi.o, and an inner layer with a radius 7y,
conductivity oy, and relative permeability u,;. The solution domain is truncated in the axial
direction to the region defined by —h < 2z < h. The electromagnetic field is represented
by a magnetic vector potential with only an azimuthal component: A = (;BA¢,. Assuming
a time harmonic current varying as the real part of Ie™™?! the magnetic vector potential

satisfies the Laplace equation in air and the Helmholtz equation,
(V2 + iwpiopirmon, JA =0 n=12 (2.1)
in the conductive regions 1 and 2. Solutions are of the form,

[Asin(gz) + B cos(¢2)][CL (v p) + DK (7" p)] (2.2)
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Figure 2.1 Coil coaxial with a two-layer finite rod.

where I; and K are associated Bessel functions and

A = \/q2 — (Wl On n=1,2. (2.3)
A homogeneous Dirichlet condition,
Ayg(p, k) =0, 2.4)

is applied at the boundaries, z = +h. To simplify the problem, an odd solution with respect
to z, having the property A(p,z) = —A(p, —z), is sought first. Then the even symmetry
solution is derived following a similar procedure. Hence, only half of the solution region
(0 < z < h) is considered at each stage. For the odd parity solution, A4(p,0) = 0 and for
the even parity, %ﬂzzo = (). The solution for a single encircling coil is the average of the

odd an even solutions.
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2.2.1 0Odd parity solution

The magnetic vector potential, Ay, in each subregion, Figure 2.1, can be expanded in

terms of a series of appropriate eigenfunctions:

()
uenl sin(g; ' z) 0<z<e
Aip2) =5 O GOl (25)
j sin[y; (h — 2)] c<z<h
2uont sm(qj(g) ) @ () @ @ 0<z<ec
As(p,z) = n Z @ @ U1y p) O + Ka(vy p) Dy
7| o sin[y, " (h — 2)] c<z<h
(2.6)
2ugnd
Ag(p,2) = == S sin(sz ) [Lk0)C0 + Ka(wip) D] 0<z<h, (27)
where, to satisfy (H. ), k; =jm/h, j=1,2,3... and
(n) \/ (n)2 — W frn O n=1,2 (2.8)

The eigenvalues q§") and the coefficients a§”)

are defined below. One set of coefficients, the
C](O), is prescribed and the solution expresses the other coefficients in terms of this set. The
prescribed coefficients are found from the calculation of the vector potential, A (p, z), due

to a coil in the absence of the rod. The result of this preliminary calculation is that [45]

2

A(O)(p, z) = MO Zsm K;Z )Il(n]p)C” (2.9)

where

© _ L.
c; o= “E[COS(hjzl)*COS(K)jZQ)VCl(/‘Cj(Il,IijCLQ),
J

(2.10)

with
/cl(rl,m):/” r I, () dr. (2.11)

()

In the steps which follow, the eigenvalues, q(n), and the coefficients o are found by

J
applying interface conditions, at the end of the rod. Then the remaining unknown coefli-

cients are determined by applying interface conditions at the cylindrical interfaces where
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p =11 and p = ry. Using the continuity of f, at the end of the rod, it is found that

(n)

(n)
n oS
o) = <<qJ) ) n=12, (2.12)
/J)ranj COS[/-\/j (h’ C)]
and from the continuity of £, at the end of the rod,
sm(q( Vo) = a( )sm[ ™ (h - c)] n=1,2. (2.13)
Eliminating a§”) gives
e tan(g$e) + iV tany (A — ¢)] = 0. n=1,2 (2.14)

from which with (2.8), the eigenvalues, qj( ™ are found by means of a numerical search for

roots. Once the roots have been determined, the ozg-n) can be found from (2.12).

Next consider the cylindrical interfaces. From the continuity of E4 and H, at p = ry,

A=Ay (2.15)
and
m100A)| | | 180y 0<z<c )
1 p 8’0 p=rl 1 p ap p=rl c S ~ S h

Similarly, from the continuity of E4 and H, at p = 7,

Ay = Ay (2.17)
and
| 100o4n)| | 1| 10(pAs) 0gz<e 218)
1| P 90 1P 0P lpmro c<z<h.

Substituting (2.5) and (2.6) into (2.15), multiplying by sin(x;z) and integrating from zero
to h gives
ZPUIl (Mot = ZQz [L( ) O + Ky (4 Pr) D] (2.19)

where

c h
P, :/0 sin(k;2) Sin(q](l)z) dz+oz§-1) /C sin(k;z )sm[ J(h~ 2)]dz (2.20)
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and
¢ k
Qi; = /o sin(k;z) sin(qj(g)z) dz + a?) / sin(k;z) sin[vj(z)(h - z)]dz. (2.21)

The integrations in the above equations are evaluated using

¢ inl(af™ — &, inf(¢™ + &,
/ sin(x:2) sin(qj(-">z) iy — sm{(q(]n) Ri)d] sm[(q(l) + Ki)c] n=19 (2.22)
0 2(q;" — k) 2(q;" + ki)

and

h
(4 k2) [ sin(z) siny " (h — )] dz =

k; cos(ck; ) sinf(c — h)fy](”)] - "y](n) sin{ck;) cos[(c — h)yj(»”)] n=1,2 (2.23)

Similarly, from (2.16), one gets

ZREJ'YJ(l)Io(’)’j(l)Tl)Cj(l) = Z SU [sz)fo(%@)rl)C’]@) - ’}/](2>K0(”)’J(2)7‘1)D‘§2)] (224)
J J
where
1 c b
Ry = / sin(k;2) sin(qj(-l)z) dz + Ozjm / sin(k;z) sin[ﬂ/](l)(h — z)|dz (2.25)
kry JO c
and
LI A in(a® @ "y il
Sy = / sin(k;z) sin(q;” z) dz + a / sin(;z) sin[y;” (h — 2)] dz. (2.26)
Hr2 JO ¢

Using the same method with equations (2.6), (2.7), (2.17) and (2.18), one finds that

2

Z 'HQU {Il<’}’j(2)7“2)cj(2) + K1<7§2)T2>D§2>} == Il(/QjTQ)C](()) =+ Kl(/{j’l"g)D§3) (227)

J

and
2
Z ;L—Sij {7§2)I0(’Y§2)T2>CJ(2) — ’)/3(2)[(0(’)/](2)72)1)](2)] - I{j]@(/ﬁj’l"z)cj(-o) - Iij](o(/ijT’Q)DS”.
J

(2.28)

Write equations (2.19), (2.24), (2.27) and (2.28) in matrix form as
PI(vWr)CY = Q[I,(vPr)C? + Ky (vPr) D] (2.29)

R"y(l)fo('y(l)rl)c(l) = S~ [10(7(2)71)0(2) — K0(7(2)T1)D(2)] (2.30)
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2
EQUl("/@)TQ)C(Z) + 1(1(7(2)7"2)D(2)} = Il(HT'2>C(O) + Kl(chQ)D(a) (2.31)
2 \
71—8'7(2)[[0(7(2)7“2)(3(2) — Ko(7Pry)D®] = k[Io(kry)CO — Ky(kry)D®). (2.32)
Here Bessel functions with bold symbol arguments represent diagonal matrices. C© C)|
C® DWW, D® are column vectors. The four unknowns C, C® D®@ DG can be

expressed in terms of the known vector C using equations (2.29-2.32) by matrix and

vector manipulations. The final expressions are as follows:

@ = - —7-1c® 2.3
C 2 T1T2 ( 3)
@_h1 ~13(0)
C¥ = ~—M;T7C (2.34)
2 T9
@Ml a0
D¥ = ——N,T'C (2.35)
2 T9
D® =wc© (2.36)
where My, Ny, T, W are defined as
M; = 7(2)K0(7(2)7"1)Q"1P11('7(1)7“1) + K1(7(2)7"1)S"lRfy(l)Io('y(l)m) (2.37)
Ny = 7(2)10(7(2)7"1)(2”113[1(7(1)r1) — Il(7(2)7“1)S_lR’y(l)Ig('y(l)rl) (2.38)
M2 = Il<’)/(2)T2)M1 -+ Kl(’y(z)TQ)Nl (239)
Ny = Ip(v®ry )My — Ko(vPry)Ny (2.40)
T = kKy(kry) QMo + Kl(IiTQ)S’)/(:Z)Nz (2.41)
and
1
W =K' (k) T—QMzT_l ~ Ii(kra)| . (2.42)
2

The odd parity solution represents the field due to a rod length 2c¢ encircled by two
identical coaxial coils carrying current in antiphase and located symmetrically on opposite
sides of the z = 0 plane. If the rod is long and the coils are well separated then the electric
field due to one such coil may be negligible in the z = 0 plane, in which case the odd parity
solution gives a good approximation to the field of a single coil in the half-space that it

occupies.
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2.2.2 Even parity solution

In order to represent end effects due to a short rod and a co-axial coil, one needs to
average the odd and even solutions. The even parity solution represents the field due to two
identical coaxial coils carrying alternating current in phase, symmetrically placed about the
z = 0 plane. Incidentally, if the rod is long and the coils well separated, the even and odd
solutions should be similar in one half of the problem domain.

The even parity solution can be derived following a procedure similar to that described in
the previous sections. Rather than going through the derivation in full, the main distinctive
features of the even parity solution are summarized below. Note that the main results of
the previous section, equations (2.29) to (2.42) can be preserved in this form to represent
either odd, even or a linear combination of both odd and even solutions. One only needs to
introduce a new set of eigenvalues for k, q and v and modify the definition of the matrices
P, Q, R and S. These modifications will now be outlined.

For the even parity solution, one needs to replace the sine function in equation (2.7)
for the potential in the region 0 < z < h by a cosine function. Similarly, for the region
0 < z < ¢, the sine function in equations (2.5) and (2.6) is replaced by a cosine function.
However, one needs to keep the sine for the solution in the region ¢ < z < h, equations (2.5)
and (2.6), because the homogeneous boundary conditions are to be satisfied at z = h. Thus

the magnetic vector potentials in each region for an even parity solution are given by

2pignl cos(q)"'2)

0<z<e
Alpr) =221 . L(vVp)Cy” (2.43)

j ag-)sin[fy]”(hwz)} c<z<h

2
2u nt cos(q;”'z) 0<z<ec
Aolpy ) = =3 ” (L(” )Gy + a7 p) D))

7|l )smh( (h—2)] c<z<h
(2.44)

2
As(p, z) HO Zcos K2 []1 /{Jp)C + K, (Kjﬂ)Dj(»g)} 0<z<h, (2.45)
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where the coefficient C]@) for an even solution is expressed as [45]:

1
3
R

CJ(O) = [Sin(/ﬂ?j21) - Sil’l(FLjZQ)]K:l(I{jCLl, I{ja,g), (246)

and setting x; = (2§ — 1)n/2h, j = 1,2, 3... ensures that As(p, £h) vanishes.
From the continuity conditions that apply to the field at the end of the rod, the new

eigenvalues for even symmetry are the solutions of
qgn) tan[yj(”)(h c)] — Mm“/j(”) cotlg; M =0, n=1,2 (2.47)

Finally, it is found that the matrices P,Q, R and S are defined in terms of the new

eigenvalues for the even solution with their matrix elements, given by
¢ o [ e
P, :/ cos(k;z )cos( )dz+a / cos(kiz) sin[y;” (h — z)} dz (2.48)
0 c

Qij = /OCCOS(FL,L'Z) cos(qj )dz+a(2)/ cos(k;z) sin[y m(h z)|dz (2.49)

1 c
R, = / cos(k;z )cos(q )2)dz + oz( )/ cos(k;z) sin[y; W(h - 2)]dz (2.50)
Hr1 /O
1 c
Si; = / cos(k; )cos(q] )dz+a()/ cos(k )smhj (h—z)]dz (2.51)
Hr2 S0
where
(n) (n)
o= sin(g, o) n=12 (2.52)

sy cosly (h = c)]
The integrals in (2.48) to (2.51) are evaluated as follows:

(qj(-n)2 — k) /C cos(k;z )cos( ")) dz =
0

q]( )Cos(cm») sin(cqj(-")) — K cos(cqj( N sin(ck;) n=1,2 (2.53)

h
(*y](n) mf)/c cos(kiz) sin['yj(")(h —2)dz =
(”) cos|(c — h)vj( )] cos(cki) + 7;('”) cos(hk;) — & sinf{c — h)yj( )] sin(ck;) n=1,2

(2.54)
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2.3 Impedance

The impedance change of a source coil due to the presence of the conductive object is

given in terms of an integral over the coil region by
PPAZ = — / AE - Jdr, (2.55)

where AE is the electric field due to eddy current in the conductor and J is the coil current
density. The impedance is expressed in a more convenient form for present purposes using

what is commonly known as a reciprocal relationship based on the identity
/Q(b-vaXa—a-vaxb)dr:/;(axvxb—bxvxa)-ds (2.56)

where an arbitrary regular surface S encloses a region Q2 and dS = ndS, n being the outward
unit normal vector. With the identifications a = E©® and b = AE, where the superscript

(0) indicates the field in the absence of the conductor, transformation of (2.55) gives
I’AZ = / (AE x HO — E© x AH) - S, (2.57)
s

where AH is the change in the magnetic field due to the presence of the conductor. It is
emphasized that the surface S encloses the primary source, the coil in this case, and the
direction of dS is that of an outward normal with respect to the source.

In applying the foregoing general expression, (2.57), to the case of the compound rod,
the closed surface S will be taken to be the surface of radius ry co-joined with surfaces at
the planes z = +h where the field vanishes, extending outwards to join a cylindrical surface
at infinity on which the surface integral vanishes. With other contributions vanishing, we
need consider only an integral over the cylinder, radius 7o of length 2h. With these factors

taken into account, substituting the vector potential into the equation (2.57) gives

] h (0)
I’AZ = 2w / A(O)M - AAM dz. (2.58)
jo Jo dp 0 |,

Note that without the rod present, the magnetic vector in region 3 is given by

2uonl
AO(p 2) = M(;Ln > sin(/@jz)fl(/ajp)C’](-O). (2.59)
J
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With the rod present, the magnetic vector potential in this region is given by (2.7). Sub-

stituting into (2.58), one finds that

2 ’
AZ = —Moﬁ%’l cOwWC© (2.60)

where W is given in (2.42). Equation (2.60) is also applicable for the even case, with C(©
given by (2.46).

2.4 Tube

With a few modifications, the model can be applied to the problem of a tube encircled
by a coaxial coil. Only the odd parity solution for a tube is given here. The even parity
solution can be derived easily using a similar procedure. Since the inner layer for a tube is

air, equation (2.5) is replaced with

ponl
h

Ai(p,z) =2 Zsin(njz)fl(njp)C’](l) 0<z<h (2.61)
J

where x; = jn/h, j = 1,2,3.... Note that for a tube, equations (2.8), (2.13) and (2.14)
are used for n = 2 only. From the continuity of Fy and H, at p = r;, and with the new
expression for A;(p, z), one finds that the definition for P;; and R;; should be changed to
P; = (h/2)d;; and Ri; = (h/2)6;;. Accordingly, in (2.29), (2.30), (2.37) and (2.38), one
should replace P, R by (h/2)I, where I is a unit matrix and replace v by . The new

expressions for these equations are listed below:

gjl("””l)cm = Q[Ii(v?r)C® + Ki(v®r)D®)] (2.62)
—gﬁfo(nrl)(}(l) = SYO[I(v®r)C? — Ko(v@r ) D) (2.63)
h h
M, = EW(Z)KO(’Y(z)Tl)Q—lfl("37"1> + §K1 (Y®r)S  klo(kr1) (2.64)
and
h h
Ny = ‘2'7(2)10(7(2)7”1)6»2“111(’i7“1> - 311("/(2)7"1)54""[0('”’1)- (2.65)

Note that for a tube, equations (2.31-2.36), (2.39-2.42) and (2.60) remain applicable.

b
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2.5 Eigenvalue calculations

One of the critical steps is to calculate precisely the complex eigenvalues qi(”) and %(n);
which are the roots of equation (2.14) or (2.47). Different approaches can be used. One
method is to use the“FindRoot” function in Mathematica, using two different initial values.
The first set is computed by selecting an initial value for the case ¢ = 0 when ¥ = &
and the second set is computed by selecting an initial value for the case ¢ = h when
v = /&2 + jwpo. The two sets of computed eigenvalues are then combined to give the
final set. This method works well for the odd solution for nonmagnetic material (u, = 1).

For other cases, a similar approach to that described in reference [47] is used. This
approach uses Newton-Raphson method and changes c step by step. First, start with ¢ = 0,
in which case v = k. Then increase the rod length by a small step Ac and use the Newton-
(n

Raphson method with & as the initial values to calculate 7, ) for ¢ = Ac. Keep increasing ¢

step by step. In each step, use 7(”) calculated in the previous step as the initial value, until

7
¢ increases to the desired value. Another set of eigenvalues are calculated starting from
¢ = h, and then decreasing c step by step. In each step, the Newton-Raphson technique
is used with %-(”) calculated in the previous step as the initial value, until ¢ decreases to

the desired value. Combine the two sets of computed eigenvalues to give the complete set.

With this approach, accurate eigenvalues can be obtained for magnetic material.

2.6 Results

The change of the coil impedance as it is traversed coaxially across the end of a rod or
a tube is calculated using both the TREE method and a 2D FEM package. Results are
shown in Figure 2.2 and Figure 2.3. In these figures, the abscissa axis shows the relative
distance between the coil center and the rod or tube end. Negative values mean that the
rod or tube is inside the coil. The results are normalized to the isolated coil reactance Xg.
The cases considered are a two-layer steel rod or an aluminum tube excited at 1kHz. Some

of the coil and rod parameters are the same for both cases. They are shown in Table 2.1.
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Figure 2.2 Normalized coil resistance (left) and reactance (right) variation
with position due to the the two-layer steel rod at 1kHz: com-
parison between TREE method (solid line) and FEMLAB result
(solid circles).

Other parameters are shown in Table 2.2. The border of the region is far away from the
limit of the coil movement. The number of summation terms for both cases are 80. For
the aluminum tube whose length is very short, both odd and even solutions are used to
calculate the results. But for the steel rod which is long compared with the coil, only the
odd solution is used. As shown in Figure 2.2, the odd solution is sufficient to give a very
good result.

Normalized impedance variations with frequency are also calculated for a homogeneous
rod and two layered steel rods with different layer depths, as shown in Figure 2.4. The
frequency varies from 6.3 Hz to 1995.3 Hz. Dimensions for the coil, the length and outer
radius for the rods are the same as above. The inner radius for the rods are 8.69 mm, 10.69

mm, 12.69 mm. Thus the outer layer depths are 4 mm, 2 mm and 0 mm respectively. The
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Figure 2.3 Normalized coil resistance (top) and reactance (bottom) vari-
ation with position due to the short aluminum tube at 1kHz:
comparison between TREE method (solid line) and FEMLAB

result (solid circles).

Table 2.1 Coil and rod parameters that are the same for Figure 2.2 (Alu-
minum tube) and Figure 2.3 (two-layer steel rod).

aq 13.7 mm
Qo 16.25 mm
2o — 21 20 mm
1 11.02 mm
T9 12.69 mm
h 412 mm
number of turns for the coil 3200

coil center is at the top end of the rod. Again, only the odd solution is used here.

Figure 2.4 can be used to discriminate the outer layer depth by fitting frequency scan
experimental data with the theoretical predictions. For coils encircling a long layered rod,
the model in [43] has been applied in Appendix A and reference [33]to evaluate case depth
of case hardened steel rods. However, in order to take measurements on short steel rods,
end effects should be considered. In this case, the finite rod model developed in this chapter
can be used. Figure 2.4 shows that the sensitivity of the outer layer depth is higher in the
lower frequency range. Thus one should take measurements in the lower frequency range

whenever possible. The convergence region in Figure 2.4 (584 Hz to 858 Hz) is expanded and
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Table 2.2 Coil and rod parameters that are different for Figure 2.2 (Alu-
minum tube) and Figure 2.3 (two-layer steel rod).

aluminum tube | two-layer steel rod
c 30 mm 206 mm
Hrl 1 66.15
o1 0 5.05 MS/m
7 1 37.58
02 | 354 MS/m 3.28 MS/m

shown in Figure 2.5. If the frequency is too low, the measurement data will be subject to
high noise level. An appropriate range should be chosen in order to obtain high sensitivity
and keep a reasonable signal-to-noise level. Tt should be pointed out that the convergence
region is dependent on material properties. The difference will be smaller if the difference

of the conductivity and permeability between the two layers is smaller.

2.7 Discussion of the system equations

Equations (2.29)-(2.32) can be solved to give different expressions to those given in
(2.33) - (2.42). These new expressions are below. Move P to the right side of equation

(2.29) and multiply both sides by Io(v™M7;) to give
L(vOr) L (D r)CWY = I(vDr)PAQIL(v®Pr)C® + Ky (v@r)DP]. (2.66)

Move Ry to the right side of equation (2.30) and multiply both sides by I;(v®r;) to

give

]1(,},(1)7«1)10(7(1)7"1)0(1) =1, (7(1)741),\/(1)—11:{—15@7(2){10(7(2)r1)c(2) - K, (7(2)7“1)D(2)].
(2.67)

Equating the right sides of (2.7) and (2.67), C can be expressed in terms of D),

C® = MD® = M7'M,D® (2.68)
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Figure 2.4 Normalized coil impedance variation with frequency (6.3 Hz —
1995.3 Hz) due to the two-layer steel rods with different outer
layer depths of 0 mm, 2 mm, and 4 mm respectively. The coil
center is placed at the end of the rod.

where
M; = L(vPr)P QL (P ry) — Li(yWVr )y O IRISHD [ (v P ) (2.69)

My = —Io(vOr )P QK (v Pry) = L(vWr)yD RISy D Ky (vPry).  (2.70)

Substitute (2.68) - (2.70) into (2.31) and (2.32) to give
WiD® = g[I(kry)CO + K (k7)) D®)] (2.71)

WaD® = k[I(kry)C@ — Ko(kry) DO (2.72)
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Figure 2.5 Normalized coil impedance variation with frequency (584 Hz to
858 Hz) due to the two-layer steel rods with different outer layer
depths of 0 mm, 2 mm, and 4 mm respectively. The coil center
is placed at the end of the rod.

where
2 (2) (2)
Wi = QUL (v )M + Ky r9)] (2.73)
9
Wa = =Sy [Io(y@ra)M + Ko(y?12)]. (2.74)

Multiply both sides of (2.71) by Ko(kry) and multiply both sides of (2.72) by K;(kry) and
add them, one gets
1
[KQ(KBT’Q)Wl -+ Kl(lﬂ'ﬂ"g)WﬂD(z) = ——'C<O) (275)

(]
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Multiply both sides of (2.71) by Iy(kry) and multiply both sides of (2.72) by I;(kry) and

subtract them, one gets

1
[o(kra)W1 — I (kry) W] DP) = ;;D(g), (2.76)

where the Wronskian relationship

In(kre) Ki(kre) + I1 (Kre) Ko(kra) = :—21{'1 (2.77)

is used to simplify (2.75) and (2.76). From (2.75), we have
1
D@ = —[Ko(rkra) Wi + Ki(kry)Wo]2CO). (2.78)
2
Substitute it into (2.76) to give

D® = wc® (2.79)

where

W = [Iy(kry) Wy — I1 (k1) W) [Ko(kry) Wy + K (Krg)Wa] 1 (2.80)

Here W is a nice symmetric expression. But it turns out this expression will cause seriously
ill-conditioned matrices, thus it is not numerically efficient. Therefore, expression in (2.42)

is used for W in coding.

2.8 Conclusion

With a finite domain, the magnetic vector potential for a two-layer cylindrical rod
excited by an encircling coil can be solved using orthogonal eigenfunctions and expressed as
a summation instead of as an integral. Homogeneous boundary conditions are enforced at
the boundary of the solution region. Interface conditions at the end of the rod are satisfied
by comparing eigenfunctions in the series term by term. To simplify the problem, odd and
even parity solution are calculated separately. Closed-form expressions are derived using
the TREE method for a two-layer rod with different material properties in each layer. The

model has been modified to give the solution for a tube. The coil impedance expression
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is useful to allow parametric studies. The agreement with numerical results of the FEM
is very good. For calculating result in only one position, the speed of TREE method is
comparable with FEM method. But the TREE method can be much faster if one needs
to perform a coil position scan, because the matrix W only needs to be calculated once.
The model can be easily extended to a tube whose radius varies along its length, with an
encircling coil. The model can be applied for a parametric study for layered cylindrical

rods, such as case hardened steel rods as discussed in the previous chapter.

2.9 Future Work’

The key part of TREE method is to calculate eigenvalues completely and accurately.
This requires a good method to find the roots of a complex equation. The methods shown
in section 2.5 works fine for non-magnetic material in any cases. Solutions for long magnetic
rods with h = 2¢ can also be found as shown before. But for short magnetic rods (¢ << h)
with high permeability, one needs to find a better way to calculate the eigenvalues. For the
two-layer steel rod shown in section 2.6, if we keep its conductivity and permeability the
same but change the rod length ¢ to 30 mm, one can work out the eigenvalues for the outer
layer using the method in section 2.5, however, this method does not work for the inner
layer, which has a higher permeability than the inner layer. In order to applied the TREE
method for all cases, a better technique is needed to solve complex eigenvalues.

The TREE method is similar to the mode matching method (MMM), which is widely
used in solving wave guides problems [48-53]. Both of these methods involves a truncating
region and imposing homogeneous conditions on the artificial boundaries. Since the mode
matching method has been investigated for quite a long time and there are many references

covering various aspects, they can be borrowed to improve the TREE method.
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CHAPTER 3. HALL SENSOR ARRAY AND CRACK
DETECTION: EXPERIMENT AND SYSTEM

3.1 Introduction

Conventional eddy current inspection uses induction coils to detect cracks and other
faws but it has been suggested recently that inductive probes are reaching their develop-
ment limits and that new sensors are needed to push back the present boundaries of flaw
detection [54]. For subsurface flaws such as cracks under fasteners in aircraft skins, the
performance of inductive sensors is limited by the need to use low frequencies to achieve
sufficient penetration of the eddy currents. Induction coil signals, being dependent on the
rate of change of flux linkage, are less effective at low frequencies whereas typical solid
state sensors do not suffer from a diminished sensitivity in the low frequency regime. In a
driver/pick-up probe configuration, a relatively large coil can be used as a driver and high
spatial resolution plus good low frequency performance achieved by using small solid state
devices as detectors. Because the solid state sensors are easily fabricated as arrays, we can
take advantage of this to produce probes that facilitate faster inspections.

Coil arrays have been successfully produced and tested by General Electric company [55],
however, additional turns of wire are needed for subsurface flaw detection to improve the low
frequency performance. This increases their size and reduces the spatial resolution of the
probe. Arrays made with individual Hall sensor ICs (integrated circuits) and a rectangular
coil have been produced by Smith and Harrison [56]. However, the integrated circuit package

is much bigger than the actual Hall element, therefore the spatial separation of the devices
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is limited by the package. To overcome these difficulties, a new probe technology has
been developed that uses Hall sensor arrays fabricated on a single wafer. With advanced

photolithographic techniques, such arrays can be made with extremely high density.

3.2 Hall effect and Hall sensors

If an electric current flows through a conductor (or a semiconductor) in a magnetic field,
the magnetic field exerts a transverse force on the moving charge carriers, which tends to
push them to one side of the conductor. A buildup of charge at the sides of the conductors
will balance this magnetic influence, producing a measurable voltage between the two sides
of the conductor. The presence of the measurable transverse voltage is called the Hall effect

named after E. H. Hall who discovered it in 1879 [60].

’,L r‘%

Oo— O
_w .

L 0O000 O )

B z
Vi

Figure 3.1 Diagram illustrating the Hall effect in a p-type sample.

Consider a p-type semiconductor sample shown in Figure 3.1 [69]. Note that the carriers
in the p-type semiconductor are holes with positive charges. A control current, I, flows in

the z-direction and a uniform magnetic field, B, is applied in the z-direction, as indicated
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in Figure 3.1. The Hall current is given by
I = gAnv, = ¢Wdnv,. (3.1)

In the above equation, n is the carrier density, ¢ is the carrier charge where ¢ = 1.6 x1071°C,
A is the cross-sectional area, W and d are the width and thickness of the Hall sample as
shown in Figure 3.1, v, is the carrier velocity in the z-direction. For a uniform field in the

z-direction, the force on the holes, which is called Lorentz force, is given by
Fi = q(v x B) = qu. B(—2). (3.2)

The magnetic field, in conjunction with the current, forces some of the holes to be deflected
to the bottom of the sample. For an n-type sample, the electrons will also be deflected to
the bottom of the sample for the same current direction as that in Figure 3.1. The holes
accumulate at the bottom surface leading to a vertical electrical field £,. Thus a voltage
Vi = WE, can be measured between the top and bottom surfaces. At equilibrium, the

Lorentz force is balanced by the vertical electrical field, thus

F = qE, -q-%/fi (3.3)

Substitute equation (3.1) and (3.2) into (3.3), the Hall voltage Vi is given by

BI

(3.4)

The Hall voltage can also be expressed in terms of the supply voltage V;,. Note the supply

current is
Vi
== 3.5
. (35)
where R is the resistance of the Hall sample
pL
= L 3.6
i wd’ (36)
p is resistivity. Using the relationship
1
= (3.7)

quEn”
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where pp is the electron mobility, and substituting (3.5) and (3.6) into (3.4), one gets
W
VH = ,LLHB-I—/VL. (38)

The voltage sensitivity Sy can be defined as

Sy = Z% (3.9)
From (3.8), it can be expressed as
Sy = IU,H-I%/—. (3.10)
The current sensitivity, Sy, can be defined as
S = AAB‘ZJI. (3.11)
From (3.4),
Sp = q_;}i' (3.12)

Sometimes current sensitivity is also called the open circuit (unloaded) product sensitivity
constant, Ky.

As shown in equation (3.10), Hall sensor sensitivity is directly proportional to the car-
rier electron mobility ug, which is material dependent. Typical electron mobilities (in
cm?V71S 1) are: Si = 1.45 x 10°, GaAs = 8.5 x 10% InAs = 2.26 x 10* and InSb =
7.5 x 10%.

Hall sensor sensitivity is also inversely proportional to the thickness of the Hall plate.
The thinner the Hall plate, the higher the sensitivity, as is shown in equation (3.12). The
thickness of a Hall plate is limited by manufacturing methods and handling procedures.
However, there is a design tradeoff between sensitivity and resistance. As the thickness
of the Hall plate decreases, its resistance also increases. Typically, low input and output
resistances are desired. A low input resistance decreases the voltage drop and reduces the
power consumption and device self heating. A low output resistance allows the load resistor

to be low, which in turn lowers the overall noise of the design.
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Figure 3.2 (a) Bridge-type Hall sample, (b) lamella-type van der Pauw Hall
sample.

Another factor to affect the Hall sensor sensitivity is device geometry. For a simple shape
as shown in Figure 3.1, equation (3.10) indicates the relation between device geometry and
sensitivity. Figure 3.2 shows a bridge-type Hall sample and a lamella-type van der Pauw
Hall sample [60]. Given the same supply current, different sample geometry and shape
will lead to different current pattern and result a different sensitivity. The selection of the
geometry involves trade-offs between product sensitivity, linearity and device resistance.

When selecting Hall sensors, a number of design parameters must be considered includ-
ing Hall plate material, operating temperature range, sensitivity, temperature performance,
packaging, frequency response, input and output resistance, linearity, cost, etc. Table 3.1
shows the parameters for some commercial available Hall sensors. Values shown in the table

are obtained from manufacture’s data sheets [62-65).

3.3 Hall sensor fabrication and testing

3.3.1 Fabrication of Hall sensors

The fabrication process of Hall sensors involves three steps. The first step is to deposit
the desired material (GaAs, InAs, InSb, metal, etc.) on a certain substrate. The second

step 1s to pattern the deposited film using photolithographic techniques. The third step is
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Table 3.1 Parameters for some commercial available Hall sensors.

Deviee  material UYL Ra(®) Rau(® et Toeetel
TFH—560  InAs 12 80-160  150-480 -0.1 +0.1
IGH-700 GaAs 100-280 450-900 1000 -0.07 0.15
1SH — 400 ImSb 580-2240 240-550  240-550 1.8 -1.8
2HG106C GaAs 160 650-850  650-850 -0.06 0.3
ZHW105A  InSb 610-1350 250-450  250-450 1.8 -1.8
3p2 * 180 780 780 -0.04 -
3SP15A * 1000 4000 4000 -0.09 0.3

* complex material InGaAs-AlGaAs-GaAs as shown in Figure 3.14.

! Made by F.W.Bell, USA.

2 Made by Asahi Kasei Electronics Co., Japan.

3 Made by Advanced Hall Sensors Ltd., Manchester, United Kingdom.

to deposit a layer or several layers of metal and to pattern them using photolithography in
order to form the desired metal contacts.

Figure 3.3 illustrates the basic photolithography process [60]. A light sensitive photore-
sist is spun onto the wafer forming a thin layer on the surface. The resist is then selectively
exposed by shining light through a mask which contains the pattern information for the
particular layer being fabricated. Then the photoresist is developed, so that the exposed
region can be washed away. The next step is etching, during which the remaining photore-
sist acts as an etch mask to the material beneath it. Regions uncovered by photoresist are
removed by the etch solution, thus completing the pattern transfer from the mask to the
wafer. Finally, all the remaining photoresist is removed.

The above procedure can be repeated to pattern several different layers of semiconductor
material or metal. The modern photolithography technique enables us to integrate multiple
components on a single wafer and to interconnect them. Using this technique, Hall arrays
that are connected in series or parallel can be fabricated on a single wafer.

Some Hall sensors were fabricated and their basic physical characteristics were measured
at the Microelectronics Research Center (MRC), Iowa State University.

First a GaAs sample is grown using the molecular beam epitaxy (MBE) technique. A

semi-insulating GaAs substrate is mounted inside a vacuum chamber and heated to 600°C
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Figure 3.3 Basic photolithography process.

at a pressure of 1071% Torr. Different source beams including gallium (Ga) and arsenic (As)
are heated and introduced into the chamber. Once a gallium atom gets to the surface of
the substrate, it has enough surface mobility to move around and position itself in the most
energetically favorable location. In contrast, an arsenic atom has low surface mobility. It
will fly off the substrate unless it happens to hit a position adjacent to a gallium atom.
Thus, with the MBE technique, one can grow crystal of very good quality and ensure that
the carrier structure, thickness and carrier density are well controlled. The semi-insulating
GaAs substrate has very high resistivity (107 £-cm), therefore it can act effectively as an
insulating substrate. However, the epitaxial layer is doped with the desired carrier density
and hence has a higher conductivity.

After a sample of GaAs was grown, it was cut to form a 6 mmx6 mm square. Indium foil
was cut into tiny dots and pressed onto each corner of the GaAs square to make temporary
contacts, Figure 3.4. Then the sensor was sintered in a furnace at a temperature of 400°C

for 15 minutes to insure the contacts were well attached to the GaAs.
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Figure 3.4 Van der Pauw Hall sensor made of GaAs square.

3.3.2 Testing of the Hall sensors

Two different van der Pauw sensors (VDP1 and VDP2) were made using GaAs. Their
properties were measured. The results are listed in Table 3.2. The methods for measuring

these parameters are discussed below.

Table 3.2 Measurement results for Hall sensors VDP1 and VDP2.

properties VDP 1 VDP 2
d (um) 1.25 2.75
Ri534(€2) 60 8.038
Ri1493(2) 24 13.558
F 0.92 0.96
p(x107%Q - cm) 2.21 1.29
pr(cm?V—1s~1) 4301 3816

n (cm™?) 6.61 x 10'® 1.27 x 10Y°

In Table 3.2, thickness (d) of the GaAs sample was determined by the settings of the
MBE system when it was grown. Resistance Rj934 was measured by injecting a current
through connections 1 and 2, and measuring the voltage between connections 3 and 4, Figure
3.4. Ry493 was measured in a similar way by injecting current through the connections 1 and
4, and measuring voltage between connections 2 and 3. The resistivity p was determined

by the following equation

o= wd Ryg34 + fl1a

=i 5 F (3.13)
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VH = -75.914B - 35.981

Magnetic field B (T)

Figure 3.5 Relation between Hall voltage and magnetic flux density for Hall
sensor VDP1 and VDP2.

where F is a correction factor. F is a function only of the ratio R, = Ry 34/ Ro3 41, satisfying

the relation [60]
R, -1

B exp|ln2/ F|
R,+1  In2

). (3.14)

arccosh(

A figure showing the dependence of F on R, can be found in [58] or [60].

To determine the mobility and carrier density, the Hall sensor was placed in a magnetic
field generated by a pair of excitation coils. The magnetic flux density B, was controlled by
changing the current through the coil. A current of 1 mA was passed through connections
1 and 3 of the Hall sensor and the Hall voltage Vg measured between connections 2 and
4, Figure 3.4. The results are shown in Figure 3.5. The gradient of the trend line in

Figure 3.5 shows the average value of AVy/AB. From equations (3.4) and (3.7), mobility



62

g is calculated,
dAVy

HH = m, (3.15)
where [ is the current through the Hall transducer (1 mA). The carrier density, n, can be

calculated from the mobility and resistivity,

1
T = ———, (3.16)
HHap

The sensitivity of VDP1 and VDP2, named S; and Ss, can be calculated from the pa-
rameters in Table 3.2 using equation (3.12). The calculated results are S; = 75.64 VI 1A~!
and Sy = 17.90 VT~'A~!. The sensitivity can be also be calculated with a different method.
From Figure 3.5, AV/AB of VDP1 and VDP2 are 75.91 mVT~! and 17.96 mVT™! respec-
tively. Since the current through the Hall sample is 1 mA, one can get the sensitivity from
equation (3.11). The results are S; = 75.91 VT 'A~! and Sy = 17.96 VT *A~L. Sensitivity
calculated with the two methods are consistent with each other.

It is obvious that the sensitivity of VDP1 is higher than that of VDP2, but both devices
have lower sensitivities than most of the Hall sensors list in Table 3.1. More Hall sensors
were fabricated at MRC using different structures and materials, results are shown in [59].
However, their performance is not satisfactory. As a result, Hall sensor P2, fabricated by
Advanced Hall Sensor Ltd., was chosen to build a high density linear Hall array probe. P2
sensors were fabricated in arrays on a single wafer using the photolithographic techniques.
More details will be covered in section 3.5. Because it takes quite long time to finish the
design and fabrication process, Hall sensor HW105A, made by Asahi Kasei Electronics Co.,
was chosen to build a prototype eight-element linear Hall array probe, before the P2 Hall
sensor arrays were available. Design and testing of the prototype probe are described in

the following section.
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Figure 3.6 Linear array probe with racetrack coil and eight Hall sensors.

3.4 Eight-element linear Hall array probe

3.4.1 Probe design

An eddy current probe was designed and built with eight Hall sensor ICs in a linear
array excited by a racetrack coil. In plan view, the racetrack coil has the shape of a running

track with semicircular bends connected by straight sections as shown in Figure 3.6.

A coil former was constructed of Ultem, a material that is dimensionally stable and
features high strength at temperatures up to 170°C. Before winding the coil on the former,
some non-stick cooking spray was applied to the former to act as a releasing agent. The
coil (shown in Figure 3.7) was wound using 36 AWG bondable magnet wire. After winding,
the coil, together with the former, was heated to 135°C for 30 minutes in order to bond the
windings together. The coil was then removed from the former after it was cooled down.
The coil dimensions are shown in Table 3.3.

A row of eight HW105A Hall sensors [62] were mounted at 3 mm centers on the edge of



64

Figure 3.7 Picture of the racetrack coil.

Figure 3.8 Picture showing the PCB with 8 HW105A Hall sensors mounted
on its edge.
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Table 3.3 Dimensions of the racetrack coil.

Inner Radius (b) 1.60 mm
Outer Radius (a) 3.89 mm
Length of the Straight Part (2d) 28.00 mm
Hight (2¢) 5.99 mm
Number of Turns 517

a small printed circuit board (Shown in Figure 3.8). The HW105A Hall sensors, provided
by Asahi Kasei Electronics Co, are made of Indium Antimonide (InSb) with high mobility
of 75,000 cm?/Vsec. Parameters of HW105A can be found in Table 3.1 and reference [62].
The sensor array circuit board and the racetrack coil were mounted together using a casting

resin.

3.4.2 System and electric hardware design

Figure 3.9 shows the block diagram of the test system for the eight-element Hall sensor
array probe. The signal generator provides a drive source for the probe coil. Signals from
each Hall sensor are AC coupled to amplifiers (one amplifier for each Hall sensor). The gains
of the amplifiers are adjusted so that each channel will give the same level of output in a
uniform field. The amplified Hall sensor signal is fed to a multiplexer (MUX), which selects
one of the eight channels in turn to an analog multiplier AD633. One of the amplified Hall
signals is connected to a zero-crossing detector, which converts the sine-wave to a square-
wave signal, the latter is counted by a frequency divider composed of three synchronous
binary counters in series. The output binary digits from the last counter (from 000 to 111)
provide a channel-selecting signal to the multiplexer. When the counters reset themselves,
the last counter generates a carry-out signal to reset a ramp generator simultaneously. The
ramp generator provides a linear ramp signal to be the z-sweep signal for an oscilloscope.

Figure 3.10 is the schematic diagram for the zero crossing detector that converts the
sine-wave to a square-wave signal.

Figure 3.11 shows the schematic diagram for the linear ramp generator. Capacitor C
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Figure 3.9 Diagram of the test system for the eight-element Hall sensor
array probe.



67

4700K

10000K

LM339

47K
| I
4.7K

o]
<

Figure 3.10 Zero crossing detector circuit schematic.

is charged up linearly by a current source consisting of a PNP transistor, Ri, Ry and Rg.

The constant current from the current source is

Rt~ Ve
Ip = fathe 7 (3.17)
Rg

where the base-emitter voltage Vg = 0.6V. The voltage on C, varies linearly with time ¢
as
Ic

Vg = —t 3.18
o2 = 22 (3.18)

until at some point, it is discharged through a 555 timer.

The charge/discharge behavior of the capacitor C, is controlled by a 555 timer chip. The
trigger and threshold pins of the 555 timer are connected to each other. When the voltage
on them is lower than %Vcc, discharge is enabled. When it is higher than %Vcc, discharge
is disabled. The control signal to trigger/threshold the 555 chip comes from a monostable
multivibrator 74HC123, which upon receiving a carry-out (RCO) signal from the binary

counter 74HC163, will generate a pulse signal whose pulse width (¢1) is determined as [66]

tw = R3Cs. (3.19)
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Figure 3.11 Ramp generator circuit schematic.

This pulse width is set to be very short so that there is almost no “dead zone” for the ramp

signal.

3.4.3 Test results

The eight-element Hall sensor array probe was placed on the top of a circular coil with
the sensor array along the radius of the circular coil. Figure 3.12 shows the ramp signal
together with probe signal. The z-axis is the time axis. The y-axis is the scale of the signal
level. The higher level steps correspond to the sensors near the center of the circular coil,
where the field is stronger, and the lower steps correspond to the sensors near the edge of
the coil where the field is weaker. Note that when the probe output switches from the last
sensor to the first sensor, the ramp signal resets quickly at the same time.

Figure 3.13 displays the signal when the probe was placed on an aluminum plate with

a long and narrow electrodischarge machined (EDM) slot. The sensor array was aligned in
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Figure 3.12 Ramp signal (A) and probe signal (C) when the probe was
placed along the radius of a circular coil. X-axis is time with a
grid of 0.2 second. Y-axis is the signal level. The grid for the
ramp signal (C) is 50 mV and the grid for the probe signal is
2V.
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Figure 3.13 Signal displayed on the screen of the oscilloscope when the array
probe is placed on an aluminum plate with a long EDM slot.

The lowest step represents the location of the slot.
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a direction perpendicular to the EDM notch. The z-axis is the time axis and the y-axis is

output signal from the probe. The lowest step represents the location of the groove.

3.5 High density linear Hall array probe

3.5.1 Design of the Hall sensor arrays

The Hall sensors, P2, grown by a molecular beam epitaxy (MBE) system on a 2-inch
wafer were obtained from the University of Manchester Institute of Science and Technology
in the United Kingdom. They are new two-dimensional electron gas (2DEG) Hall devices
which were designed using the AlGaAs-InGaAs structure shown in Figure 3.14. The sensors
are designed for low magnetic field measurement of the order 1 xT with a magnetic field
amplitude resolution of a few hundred nanoTesla [57]. The characteristics of the P2 Hall
sensor are given in Table 3.4. Some of the characteristics of the P2 Hall sensor are compared
with other commercial available Hall sensors in Table 3.1. Parameters of the 2DEG Hall
sensors such as P2 and P15A are controllable at the material level (wafer growth) [65].
Although P2 has a lower sensitivity than P15A, its input resistance is also lower. A lower
input resistance is desirable for Hall sensors that are to be operated in series because it
requires lower supply voltage to achieve the same current. The very high supply voltage
could result in complete device failure in the event of a short circuit.

Two types of arrays were fabricated on a single wafer: one with the devices connected
in series and the other with them connected in parallel, Figure 3.15. While the series arrays
are suitable for constant current drive, the total input resistance will be very high. The
arrays in parallel are suitable for constant voltage drive and have low input resistance which
requires a low supply voltage. Both types of arrays will be investigated to determine the
best configuration. The two array types are fabricated in the central region of a single wafer
while some individual devices populate the region near the border. This arrangement was
used because the center of the wafer has more uniform properties than in the border region

due to the fabrication process.
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Figure 3.14 Epitaxial structure of the Hall effect sensor (P2)

Table 3.4 Characteristics of the P2 Hall sensors.

Parameters Value Units
Nominal control current 1.5 mA
Input resistance 680 Q
Output resistance 680 )
Mobility 6500 cm?/V sec
Current sensitivity 180 V/AT
Current sensitivity drift over temperature -0.08 % °C
Power consumption for V,,, = 1V 1.4 mW

Linearity of Hall voltage 1 %
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Figure 3.15 Part of the design for a 2-inch wafer, which contains 16- clement

Hall arrays connecting in series or parallel in the central region
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Figure 3.16 Geometries of the Hall sensor arrays. The dimensions shown
in the figure are a = 400um, b = 90um, ¢ = T0um, d = 80um,
e = b0pm, f = 100um, W = T0um, L = 210um. Note that
the tracks connecting between sensors are not shown.

The Hall devices are in the form of a square Greek cross with four Ohmic contacts
for each sensor, Figure 3.16. The device structure is fully symmetrical and thus input and
output resistances are equal. Each array has 16 elements with conductive tracks connecting
them. The connecting tracks are made by thermal evaporation of titanium followed by gold.

The arrays and individual devices have a pitch of 400 microns.

3.5.2 Probe design

A printed circuit board (PCB) was designed with a long slot in the center for holding the
Hall sensor arrays, Figure 3.17. Two Hall arrays, each having 16 Hall sensors, were glued
in the slot. Each Hall sensor has two current supply contacts and two Hall signal contacts.
The current supply contacts were connected by tracks on the wafer for either series or
parallel operation as mentioned above. The Hall signal contacts are wire-bonded to pads
on the PCB. These pads are then connected to two insulation displacement cable (IDC)
headers on the edges of the PCB by copper tracks. Pairs of copper tracks associated with
an individual Hall sensor are routed directly opposite one another on two different layers.

The purpose of this layout is to minimize the induction in the circuit loop. Figure 3.18
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shows the dimensions for the Hall arrays in the PCB slot.

There are three options to arrange the coils and the sensor array, Figure 3.19. Option
A uses one racetrack coil with the Hall array placed along the central line of the coil, where
the magnetic field intensity is perpendicular to the Hall sensor surface. This generates a
strong background signal due to the coil itself. Furthermore, the field at two ends of the
array is different from that at its center. Thus, although option A is simple, it suffers from
a strong background signal and end effects. Options B and C use two racetrack coils with
the Hall array placed between them. The currents flowing in the two coils are of the same
magnitude but in the opposite directions (one in the clockwise direction and the other in
the counter-clockwise direction). In option C, the Hall array is placed exactly between the
two coils and along the coil tracks, where the magnetic fields generated by two coils cancel
completely. Therefore, there is no background signal. In option B, the Hall array is placed
between the coils and across the coil tracks, where the fields are partly cancelled by each
other and the background signal is weak compared with option A. But the field is non-
uniform along the Hall array. For option A and B, it is necessary to null the background

signal before measurements.

3.5.3 Circuit system design

The block diagram of the Hall array system is shown in Figure 3.20. The racetrack
coil is excited by a current source through a sensing resistor. Hall sensors can be supplied
by either DC voltage or AC voltage. Both will be discussed in this chapter. The signal
from each Hall sensor is connected to detector circuits, which will be discussed in details
below. Fach channel contains one detector circuit. The voltage across the sensing resistor
is amplified to serve as a reference signal to the detector circuits. This amplified voltage
can be connected to the detector circuit directly as an in-phase reference or through a
phase-shifter to give a quadrature reference. A switch is used to toggle between the two

reference signals.
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Figure 3.21 Block diagram of the detector circuit for one channel.

The block diagram of the detector circuit is shown in Figure 3.21 and the detailed
schematic diagram is shown in Figure 3.22. The detector circuit (one for each Hall device)
consists of four blocks: an amplifier, an analog multiplier AD633 (acting as a demodulator),
a low pass filter and a sample-and-hold circuit. Each block is analyzed below.

The Hall signal from each sensor is AC coupled to a two-stage differential amplifier,
each stage containing an instrumentation amplifier AD620 and a gain setting resistor. AC
coupling can eliminate the DC offset of the Hall sensors as well as the DC offset from the
AD620. The AC coupling is realized by a 100 k(2 resistor and a 0.1uF capacitor connected
as a high pass filter. Due to differences in the Hall sensors, the gain resistors need to be
adjusted in the calibration process before measurements to ensure all channels give the
same signal level in a uniform field.

When the Hall sensor is supplied by a DC voltage (Hall sensors supplied by AC voltages
will be discussed in the next section.) and placed in an AC magnetic field of frequency
fo, the frequency of the Hall signal is fy and the magnitude is proportional to the field
intensity. However, it is desirable to have a DC signal instead of an AC signal oscillating at
the field frequency. This is realized by using a demodulator, AD 633, and a low pass filter.

The ADG633 is basically a multiplier that takes inputs X and Y and adds a third input,
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Figure 3.23 Schematic diagram for the sample and hold circuit.

Z. The output W is [76]:

Xy
W=+ Z (3.20)

Here X is the amplified Hall signal at fy. Y is the reference signal, coming from the sensing
resistor as shown in Figure 3.20, whose frequency is also f;. Z is a DC offset value and
will be discussed later. The product of X and Y generates a DC level as well as an AC
component at a frequency of 2f;. To eliminate the component at 2f,, the output (W) from
the multiplier AD 633 are connected to a low pass filter (LPF) to give the DC level that is
proportional to the magnetic field. The LPF is an active filter [77] with -3dB frequency at
50 Hz, which is set by Rag, R31, Co1 and Cog in Figure 3.22.

In normal operation, it is standard practice to null a conventional eddy-current probe,
usually in the presence of an unflawed region of the specimen being inspected. The same
is true of array probes, the only difference being that multiple channels must be nulled
simultaneously. The sample and hold (S/H) circuit is included for this purpose.

A schematic diagram for S/H is shown in Figure 3.23. It has one input port (1) and two

output ports (2 and 3). The N-channel MOS (metal-oxide-semiconductor) FET (field effect



82

transistor) acts as a switch. It is controlled by the gate voltage. When a positive voltage
(+15V) is connected to the gate, the NFET is on. A negative voltage (-15V) at the gate
turns the NFET off. This can be controlled by a push-button. There are two operational
amplifier in the S/H circuit (termed OPAa and OPAD below.) OPAa is connected with R,
and R, to form a unity-gain inverting amplifier. OPAb, R3 and a capacitor C are configured
as an integrator with a time constant of 4.7 milli-second (time constant 7 = RsC). The
output of OPAD is connected to the non-inverting input of OPAa to form a feed back loop.

Before analyzing the S/H circuit, two basic characteristics of an ideal operational am-

plifier (op-amp) are stated:

1. The input impedance of an ideal op-amp is infinite, thus there is no current flow into

an ideal op-amp.
2. In normal operation, the two differential inputs are the same (it is called virtual short.)

Voltages Vi, V,, V3 are marked in Figure 3.23. Note that the two inputs to OPAa are V;
and the two inputs to OPADb are both zero, according to the characteristic 2 stated above.
Since there is no current flow into OPAa, current through R; will also flow through Ra,

thus
Vi-Va_Va-Vs

3.21
Rl RQ ( )

Since By = Rs, we have

V=2V, - V1. (3.22)

When the switch is on, the upper side of Rz is 0V, the lower side of R3 is V3, which generates
a current I through R3 unless V3 = 0. As an example, suppose V3 > 0. The current I flows
as shown in Figure 3.23. Since no current can flow into an op-amp, I charges the capacitor,

which causes V4 to decrease,
V3 dVa
—= —C—.
R dt
Suppose V; decreases by AV. Note that V5 is fed to the summing input (Z) of the AD633

=] = (3.23)

(Figure 3.21). V4, which is the output from the LPF, will also decrease by AV. According
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to equation (3.22), V3 will decrease by AV, too. V3 will keep decreasing until V3 = 0, when
there is no current charging the capacitor. Thus the circuit reaches a balance. At this
point, the sensor is said to be nulled.

When V3 = 0, according to equation (3.22), V5 = %Vl . Now if we turn the switch off,
there is no path for the capacitor to be discharged. Voltage Vo = %Vl is stored on the

capacitor. Next when V) varies to V/, voltage at port 3 is:
Vi=2V, -V =V, -V (3.24)

Equation (3.24) shows that after the circuit is nulled, only the difference between the
previous measurement and the new measurements will appear in the output. Thus gain
can then be increased and small changes in the field seen by the Hall devices, such as those

produced by a flaw, magnified.

3.5.4 Modulation of Hall signal

The Hall effect voltage (Vi) is given by
Vi = KylB (3.25)

where Ky is the open circuit (unloaded) current sensitivity, I is the supply current to
the Hall sensor and B is the magnetic flux density to be measured. The measured voltage
contains not only Vi, but also an induced voltage Vi,q due to the loop area of the connecting
leads. To separate the induced voltage from the genuine Hall effect voltage, the principle of
modulation is employed. Experiments have shown that the Hall signal can be modulated
and demodulated in order to remove the induced voltage component. [78]

To modulate the Hall signals, the Hall sensor are supplied by an AC current at a
frequency of wy, which varies sinusoidally with time as Iy cos(wit). This provides an another
advantage over DC supply by avoiding the low frequency (1/f) noise, mainly generated by
the Hall sensor [57]. The coil current excites eddy currents at another frequency wsy, which
generates the magnetic field as

B = By cos(wat). (3.26)
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The Hall voltage can then be written as
) .
Vi = Kyl cos(wit) By cos(wat) = §VHQ[COS(W1 + wa )t + cos{wy — wa)t] (3.27)

where Vg = KgloBy. From Faraday's law, the induction voltage (Vi,q) in the connecting

loop can be expressed as
dd .
‘/ind = ———C—l? with P = q)() COS((,UQt) (328)

where ® is the magnetic flux linking the connecting leads. The induced emf will appear
in the measured voltage as a term which increases linearly with frequency. Thus the total

measured voltage is

1
Vip = —2~VH0 [cos(wy + wa )t + cos(wy — we)t] + Pows sin(wat). (3.29)

This expression shows that the measured voltage has three frequency components. Using
a reference signal at w; — wy, one can remove the induction voltage at wy and only get the
upper sideband of the modulated Hall signal. This can be realized by the demodulator and
low pass filter designed in the previous section.

Figure 3.24 shows an example. Suppose the Hall sensor supply voltage is at f; =70kHz,
while the coil excitation frequency is fo = 2kHz. The Hall signal is modulated and the
measured signal includes the induction voltage. According to equation (3.29), the output
signal from Hall sensor includes three frequency component at 72kHz, 68kHz and 2kHz
respectively, Figure 3.24 (a). To remove the induction signal (2 kHz) and get only the
upper sideband Hall signal (68 kHz), one can use the detector circuit in Figure 3.21 and
set the reference source at 68kHz, Figure 3.24 (b). When the reference signal is multiplied
with the three components in the Hall signal, it generates different frequency components
as shown in Figure 3.24 (c). After passing through a low pass filter whose -3 dB frequency
is at 50 Hz, Figure 3.24 (e), only DC signal remains which represents the level of the upper

sideband of the modulated Hall signal while the induction signal is removed, Figure 3.24

(e).
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Figure 3.24 Ilustration of modulation and demodulation of Hall signal in
frequency domain. (a) Hall signal together with induction sig-
nal, (b) reference signal at 68 kHz, (¢) output signal from the
multiplier (AD633), where the reference signal is multiplied by
the Hall signal, (d) low pass filter with -3dB frequency at 50 Hz,
(e) output signal from the low pass filter. After demodulation,
only DC signal remains which represents the level of the up-
per sideband of the modulated Hall signal while the induction
signal is removed.
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It should be pointed out that the reference signal (68kHz) and the modulated signal
(72kHz and 2kHz) should have a fixed phase difference. Therefore, the coil excitation signal,

the Hall sensor supply voltage and the demodulator reference signal should be synchronized.

3.6 Conclusion

A prototype linear Hall array probe was designed and built with eight Hall sensor ICs
and a racetrack coil. Electrical circuits were designed to process multiple channel signals.
The prototype probe was tested. The results show that the Hall sensor array probe can
accelerate inspection time.

A multi-sensor linear array probe was designed based on high sensitivity, high resolution,
custom designed Hall sensor arrays. It has a potential to reduce inspection time and to
improve flaw detection ability. This is extremely useful when detecting small cracks near
fasteners, where the back ground signals are large and high resolution is essential. The Hall
array probe can be operated at low frequency. Thus it has the advantage of being able to
detect deep cracks.

A test system has been built to process signals from multiple channels. The modulation
technique is introduced to remove the induction voltage and to increase the signal to noise

ratios.

3.7 Future work

After the high density linear Hall array probe is built and multi-channel test system is
ready, a POD (probability of detection) study is needed to compare the characteristics of
the new probe with other array probes. Other types of array probes can also be designed
using the Hall sensors. The Hall sensors can be connected as a ring, which can cover the

top of a bolt to enable fast inspection over many bolts in airplanes.
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Abstract

The case-hardening process modifies the near-surface permeability and conductivity of
steel, as can be observed through changes in eddy current probe signals measured over a
range of frequency. In this work, experiments have been performed using normal absolute
probe coils on flat steel specimens and coils encircling case-hardened steel rods. By fitting
model results to the experimental data, estimates of electrical material properties are found.
The approach also allows an assessment of the sensitivity of the measurements to the case

depth.

Introduction

Steel components are often subjected to a process which hardens the surface and pro-
duces what is known as a case-hardened layer. This improves the component’s resistance
to wear. The required depth of the case-hardened layer varies depending on the purpose for

which the steel is needed, and manufacturers require a nondestructive method of measuring
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the thickness of the layer in order to ensure that specifications are met.

The case-hardening process produces a change in the electrical conductivity and mag-
netic permeability of the steel in the case-hardened region. Consequently, these properties
have different values near the steel surface and in the substrate. In simple terms, if the
conductivity and permeability profile of the metal can be determined then the depth of the
case-hardened layer can be deduced.

Eddy-current impedance measurements are sensitive to the conductivity and perme-
ability profile of a test-piece. In principle, the material properties can be determined by
comparing experimental measurements of eddy-current coil impedance with predictions
from an appropriate theoretical model and adjusting the model parameters until agreement
is obtained. Here, a simple model is adopted in which it is assumed that the material
consists of a substrate with a single, uniformly thick, surface layer. The conductivity and
permeability values differ in the substrate and in the surface layer. In this paper we present

results of work on flat plates and cylindrical rods.

Studies on Plate Specimens

Preliminary investigations were performed on flat specimens using surface probes. Well-
characterized samples [1] and precision eddy-current probes were used. To further reduce
experimental uncertainties, the probe was calibrated using some standard characterization

procedures, described below.

Probe Calibration

Coil P1, Table 1, was designed and built for measurements on plate specimens. The
inner radius and the length of the coil were obtained by measuring the dimensions of the
coil former with digital calipers, prior to the coil being wound. The outer radius and liftoft

are difficult to measure directly and require the following special treatment.
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TABLE 1. Coil parameters of probes P1 and E1.

Parameter Pl E1
Number of turns 1858 | 1611
Inner radius (mm) | 4.04 | 6.55
Outer radius (mm) | 11.43 | 9.176
Length (mm) 8.02 | 19.93
Liftoff (mm) 1.08 —

Outer Radius: If the outer radius of the coil is measured directly using calipers, a
value that is larger than the required value is obtained. This is because the diameter
of the wire is finite and the coil is not perfectly wound. An effective value of the outer
radius of the coil was determined by measuring the coil impedance in air (free space) over
a frequency range of 40 Hz to 3 kHz and fitting the experimental data to calculated data
based on the theory of Dodd and Deeds [2]. The impedance measurements were made using
an Agilent 4294A impedance analyzer. When making free-space impedance measurements,
the resistance of the coil remains nominally constant with frequency and only the réactance
need be considered. Using this approach, a value of 11.43 mm was obtained for the effective
outer radius of the coil, whereas the average of several measurements made using calipers
was 12.0 mm.

Liftoff: The coil liftoff (defined as the distance between the base of the coil and the
bottom of the probe casing) was determined by measuring the coil impedance with the
probe placed on a thick aluminum plate, over a frequency range of 40 Hz to 3 kHz. The
aluminum was sufficiently thick to approximate a half-space. The best fit between the
experimental data and calculated data based on the theory of Dodd and Deeds [2] was

found for a liftoff value of 1.08 mm, comparing well with the nominal value 1 mm.

Experimental Measurements

In order to minimize nonlinear effects which may arise due to the magnetic properties

of steel, it is important that the magnetic field produced by the sensor be sufficiently
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TABLE 2. Best fit parameters for three case-hardened plate specimens with different
nominal values of case depth.

nominal case depth substrate surface layer
(mm) wr | 0 (MS/m) | pr | o (MS/m)
0.58 48 3.6 18 2.5
1.08 36 2.9 15 1.44
2.08 36 31 15 1.44

weak. The impedance of the coil placed on soft steel was measured using an Agilent 4294A
impedance analyzer. The oscillator drive level was altered over a range approximately equal
to one order of magnitude. The resulting impedance readings, except those at the highest
drive level, were found to be independent of drive level indicating an absence of significant
nonlinear excitation effects.

After the coil was fully calibrated, impedance analyzer measurements were made on a
thick, demagnetized soft steel plate, over the frequency range 40 Hz to 3 kHz. The material
conductivity and permeability values were adjusted in the theoretical model to give the
best agreement between experimental data and calculated impedance values. The best fit
was obtained for conductivity value 1.6 MS/m and relative permeability value 36.

The coil was then placed on a demagnetized, case-hardened steel plate and impedance
measurements were made. In this investigation, the sample is modelled as a substrate
with a single surface layer that represents the case-hardened region. The conductivity and
permeability values of the surface layer are permitted to differ from those of the substrate.
This means that five parameters are used to represent the samples: the conductivity and
permeability of the substrate and the surface layer, and the layer thickness d. The parameter
values which give the best fit between theory and experiment are given in Table 2 for three
case-hardened plate specimens with different nominal values of case depth.

Permeability values obtained for the substrate were somewhat smaller than expected.
It was also observed that there is a fairly weak dependence of the fit on the layer thickness

parameter. For this reason, the results presented in Table 2 are for layer thickness values
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Figure A.1 Schematic diagram of the four-point conductivity measurement
system.

equal to the nominal values provided by the manufacturer of the specimens [1].

Studies on Cylindrical Rods

Interpretation of the experimental data for the flat plate geometry is complicated due
to the large number of free parameters in the model. With cylindrical specimens, the
conductivity of the metal rods can be determined independently using a four-point voltage
drop method. This reduces the number of parameters that must be adjusted to obtain a

fit between theory and experiment.

Conductivity Measurements

A schematic diagram of the experimental arrangement for measuring the conductivity

of the metal rods is shown in FIGURE 1.
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TABLE 3. Conductivity of a soft steel rod measured using the four-point system and
DC current.

conductivity i
Vied (mV) | Vies (mV) | (MS/m) | (% IACS)
10.78 586.8 3.927 6.771

Current is injected into the metal rod from either end. The voltage drop along the
rod (Viea) is measured between two points at which sharpened bolts are screwed in to the
rod to make firm contact with its surface. Let L be the distance between the two points,
R,oq be the resistance of the rod between them, and S be the cross-sectional area of the
rod. A precision resistor (R = 0.0471€2) is connected in series with the rod. The voltage
across the precision resistor (Vi) is measured in order to calculate the value of the current
through the circuit, I = Vies/ Ries. The conductivity of the metal is then determined using

the equation
L VL
- RrodS - V}odRresS‘

g

(A1)

Both DC and AC measurements were made. In the DC measurement, two multimeters
were used to measure the voltage across the rod (Vioq) and sensing resistor (Vies). In the
AC measurement, a lock-in amplifier was used to measure the voltages. In order to ensure
that the skin-effect was negligible, the frequency was kept between 0.05 and 1 Hz.

The accuracy of the experimental system was tested by measuring the conductivity of
a copper rod with known conductivity 100.0% TACS. The measured conductivity of the
copper rod was found to be 100.9% IACS with DC current and 101.1% IACS with AC
current, indicating that the experimental system is accurate to within 1%.

The conductivity of a soft steel rod was then measured with both DC and AC current.

The results are presented in Tables 3 and 4.
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TABLE 4. Conductivity of a soft steel rod measured using the four-point system and
AC current.

conductivity
frequency (Hz) | Viea (mV) | Vies (mV) | (MS/m) | (% IACS)
0.05 2.167 117.63 3.902 6.727
0.1 2.168 117.65 3.901 6.725
0.5 2.168 117.63 3.900 6.724

Impedance Measurements

An encircling coil, E1, was built to make impedance measurements on the cylindrical
rod specimens. Coil E1 was wound around a cylindrical tube with the outer radius of
the tube being the inner radius of the coil. The inner radius of the tube was designed to
accommodate rod specimens such that they could easily be slipped into place. Parameters
of coil E1 are listed in Table 1. The outer radius of coil E1 was calibrated using the same
method as for coil P1.

First of all the impedance of coil El encircling a copper rod was measured to test
the agreement between theory and experiment using the measured conductivity value as a
parameter in the theoretical model. In FIGURE 2 it is shown that experimental results are

consistent with theoretical predictions. Results are presented in the form
AR=R~ Ry and AX =X — Xp (A.2)

where the resistance R and reactance X are, respectively, the real and imaginary parts of the
impedance. In the figure the measurements are normalized with respect to the free-space
reactance Xy, where free-space measurements are denoted by the subscript ‘0.
Measurements were then made on a demagnetized soft steel rod whose conductivity
(3.9 MS/m) was measured using the four-point approach (Tables 3 and 4). The value of
permeability was adjusted in the model until a good fit was obtained between theoretical
data and experimental measurements. The best fit value for the relative permeability was

70 and the comparison between experimental and theoretical data is shown in FIGURE 3.



94

0.2 T — -
0.15+ N
(=]
>
~ O.‘I - -
o
<
0.05f .
—— Theory
¢ Experiment
1 ek i 1
10’ 10° 10’ 10*
f(Hz)
0 o —r .
~— Theory
® Experiment
0.1 F b
o
>
\ L A
s 0.2
<
0.3 r 4
0.4 1 1 —
10’ 10° 10° 10*
f(Hz)

Figure A.2 Comparison between theory and experiment for eddy-current
impedance measurements on a copper rod with conductivity

= 58.6 MS,/m.



Over all, the agreement between theory and experiment is very good. The reason for
the small discrepancy between measured and calculated values of AR at low frequencies
(below about 200 Hz) is unknown.

Impedance measurements were then made on demagnetized, case-hardened steel rods.
Assuming that the substrate has the same conductivity and permeability as the soft steel
rod (o = 3.9 MS/m and p, = 70), the surface-layer depth d, surface conductivity and
permeability were adjusted to obtain the fit to experimental data shown in FIGURE 4.

The best values were 0 = 3.18 MS/m, i, = 50 and d = 1.5 mm. These values of ¢ and
[, are reasonable given that the case-hardening process acts to reduce both conductivity
and permeability. The value of d agrees with the nominal value for the specimen, indicating
that this model-based approach may be used successfully to determine case depth.

In FIGURE 5, the root mean square error between the experimental data and the
calculated impedance values is plotted as a function of layer depth for fixed conductivity
and permeability values in the substrate and the surface layer. It can be seen that the
error in both the resistive and reactive parts of the impedance goes through a minimum for
d = 1.5 mm. For these calculations the conductivity and permeability in the substrate are
3.90 MS/m and 70, respectively. In the surface layer they are 3.18 MS/m and 50.

The very good fit between theory and experiment shown in FIGURE 4 is obtained by
assuming that the conductivity and permeability of the substrate are the same as those for
soft steel, obtained by experiment on a soft steel rod. This approximation allows two of
the five parameters in the theoretical model to be constrained so that only the remaining
three must be adjusted to obtain a good fit between theory and experiment. The method
is apparently successful since the value obtained for the surface layer depth d agrees with
the nominal value for the specimen.

If it is not possible to constrain the parameter values of the substrate in this way,

an equally good fit between theory and experiment can be obtained for a different set of
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Figure A.4 Comparison between theory and experiment for eddy-current
impedance measurements on a case-hardened steel rod. The
theoretical curves shown here are obtained by fixing the conduc-
tivity and permeability values of the substrate to be the same as
those found for the soft steel rod (FIGURE 3). The thickness,
permeability and conductivity of the layer are then adjusted to
obtain the best fit to the experimental data, as shown.
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parameter values. For example, if the relative permeability of the substrate is 58, then the
best fit values for the surface layer are o = 4.4 MS/m, pu, = 65 and d = 1.5 mm. In other
words, the set of five model parameters which fits a given set of experimental data points is
not unique. This demonstrates the need for independent determination of as many of the

model parameters as possible before the fitting process begins.

Conclusion

The depth of a case-hardened layer in a steel rod has been determined by adjusting
relevant parameters in a theoretical model and comparing calculated impedance values with
experimental data obtained from a coil encircling the rod. The theoretical approach adopted
here requires precise control of all relevant parameters in order to be successful. The probe
must be well-characterized and the number of unknown sample parameters must be reduced
to a minimum. By choosing specimens with cylindrical geometry, it is possible to measure
the material conductivity directly. This reduces the number of unknowns sufficiently to
allow model-based parameter fitting to work successfully.

These results indicate that the simple, two-layer model adopted here is sufficient to
describe the structure of case-hardened steel. In future work, however, a more complicated
model may be considered. For example, the material properties could be allowed to vary

continuously with depth [3] .
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Abstract

The case-hardening process modifies the near-surface permeability and conductivity of
steel, as can be observed through changes in alternating current potential drop along a
steel rod. In this work, a two-layer model is used approximating the case hardened rod as a
homogeneous substrate with a single, uniformly thick, homogeneous surface layer, in which
the conductivity and permeability values differ from those in the substrate. Analytical
expressions showing the relationship between the alternating current potential drop along
a homogeneous rod or a case hardened steel rod and its electrical and magnetic properties
are provided. Potential drop measurements are performed on both homogeneous and case
hardened steel rods over multi-frequency. By fitting model results to the experimental
data, estimates of case depth and electromagnetic material properties are found. Case
depth found by ACPD measurements are in reasonable agreement with the values obtained

from hardness profile.
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Introduction

Case hardening of steel components improves the resistance to wear by changing the car-
bon content and micro-structure of the surface region. In order to examine the results of case
hardening and quantify the effect on components nondestructively, a number of methods
have been developed [2-6]. These methods usually require an extensive calibration proce-
dure using samples of known properties. Here an alternative approach, alternating current
potential drop (ACPD) method, is presented in which the near surface material properties
and the depth of penetration of the surface treatment is assessed using a model based ap-
proach. ACPD method and similarly, alternating current field measurement(ACFM), have
already gained wide acceptance in crack measurements [7—12].

The case-hardening process produces a change in the electrical conductivity and mag-
netic permeability of the steel in the near surface region. Consequently, the electrical
conductivity and magnetic permeability have different values near the surface compared
with the substrate values. In this paper, the following assumptions are used. First, it is
assumed that the conductivity and permeability variation with depth is indicative of the
hardness profile allowing the case depth to be estimated from electromagnetic measure-
ments. Second, cylindrical rod specimens are modelled as uniform in the axial direction
having a homogeneous substrate surrounded by a homogeneous surface layer of uniform
thickness. The transition zone between the two layers is neglected since it is very sharp
(see Figure B.4). Third, it is assumed the process of case hardening does not modify the
material properties below the case hardened layer. In other words, the conductivity and
permeability of the substrate layer of a case hardened steel rod is the same as that of a
non-hardened steel rod. Under these idealizations, the material properties can be evaluated
by comparing alternating current potential drop (ACPD) measurements with theoretical
prediction by adjusting the model parameters until their least-mean-square(LMS) errors are
minimized. There are five unknown parameters in this model: the substrate conductivity

o1 and relative permeability p.;, the surface conductivity o2 and relative permeability zi.o
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and the surface layer depth (case depth) d. They are determined separately in two steps.
The substrate layer conductivity and permeability are found from non-hardened steel rod
measurements. The surface layer conductivity, permeability and its layer depth are then
estimated from case hardened steel rod measurements.

In this paper, analytical expressions for alternating current potential drop along a ho-
mogenous cylindrical rod and case hardened rod are derived. Then experimental results
are given and material parameters are estimated based on the ACPD models and multi-

frequency measurements.

Alternating current potential drop (ACPD) theory on

conducting cylindrical rods

ACPD on a homogenous cylindrical rod

Suppose an alternating current is applied along an infinitely long cylindrical rod with a
radius a. The current varies sinusoidally with time as the real part of e*?.
The electromagnetic field inside the rod is governed by Maxwell’s equations, which in

the quasi-static limit,i.e., in the limit of negligible displacement current, can be written as:

VxH=1J (B.1)
OB
VxE=—2 (B.2)

In addition Ohm’s Law can be written as
J=0E (B.3)

It is assumed that there exist linear isotropic constitutive relations D = eE, B = pH.
In these equations, €,u and ¢ are the permittivity, magnetic permeability and electrical
conductivity of the metal rod. Equations (B.1),(B.2) and (B.3) can be used to give the
following equation for E

oE

= o 4
VxVxE ho (B.4)
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Note Vx V x E = V(V - E — V?E). Since there’s no free charges in the rod, V- E = 0.

Using the fact that E varies with time ¢ as ¢*?, (B.4) can be written as
V2E = jwucE = —k*E (B.5)

where k? = —jwuo, k = (1 — 7)/6 and ¢ is the electromagnetic skin depth defined as
§ =+/2/wpo. Due to symmetry of the rod, E is a function of radial coordinate p only.

Putting E = ZE(p, k), equation (B.5) gives
FE L L0B | ep g, (B.6)
p

This is a modified form of the equation for the zeroth order Bessel function. On applying
the boundary condition on the rod surface that E = E; where p = a, equation(B.6) has
the following solution as:

Elp, k) = EoJo(kp)/ Joka). (B.7)
The total current passing through the rod can be expressed as
I = 27ra/ E(p,k)pdp. (B.8)
0

Using equation (B.7) and the following integration [1],

a a
/O Jolko)pdp = +7:(ka). (B.9)
Equation (B.8) gives
2no aby
= ———J(ka). B.10
1= 20880 (B.10)

Hence the surface electric field is related to the total current by

- 270 aJi(ka) (B.11)

Letting | be the length measured along the rod between the two contact points of the

voltage electrodes(see Figure B.1), the potential drop between these two points is given by

V(k) = Ey(k)l = kLI Jo(ka)

210 aldi(ka)’ (B.12)
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The measured voltage includes a contribution from the electromotive force(emf) induced
in the voltage measurement circuit due to changing of magnetic flux linking this circuit.
Express the induced emf in terms of the self inductance L, the total voltage, Vr, sensed

across a length [ of the rod is

kLI Jo(ka)

e LI :
Vr 270 aJi(ka) e (B.13)
The rod impedance is defined as
klJo(ka)
Ziod = — L. 14
17 210 aJi(ka) T (B.14)

Equation (B.14) can be used to estimate material properties of a homogeneous rod from

multi-frequency potential drop measurements.

ACPD on a case hardened steel rod

A case hardened steel rod with radius of b has a conductivity of o1 and permeability of
{1 in its inner core where p < a. In its outer layer where a < p < b, the conductivity and
permeability are oo and ps respectively. Using a cylindrical polar coordinate system, put
the axis of the rod in z direction, the coordinates of p and ¢ can be defined consequently.

When applying an alternating current down the axis of the case hardened steel rod (z
direction), the electric field intensity in the rod should be governed by equations similar to

(B.5), with different conductivity and permeability for the two regions:
V’E; = —k{Eq (0<p<a) (B.15)

V?E; = —k3E, (a<p<b), (B.16)

where k;,ky satisfy k? = —jwp,o; for i = 1,2. Note that the direction of Ey and E, are
both in the z direction. The solution to equation (B.15) can be borrowed from equation
(B.7),

Ei(p, k) = EgAdo(k1p). (B.17)
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Because Bessel function Yy(kep) goes to infinity while p goes to zero, it’s not included in
the solution (B.17). But it should be added to give the solution to the equation (B.16) in
the surface layer:

Es(p, k) = Eo[BJo(kap) + CYo(kap)]. (B.18)

Note that A,B,C above are scaling factors to be determined by the following boundary
conditions.
First, assuming the electric field intensity on the rod surface is Eq, i.e. Eo = Ey when
p = b, gives
BJo(kgb) + CYy(keb) = 1. (B.19)

Next, the tangential part of electric fields are continuous on p = a, so,

BJ()(]CQCL) + C}/O(kQ(l) = AJo(kl(l). (BZO)
Third, from
OF -
E B.21
V x E o 1) ( )
and
V x E = —jwuHydp (B.22)

and the fact that the tangential part of magnetic field intensity is continuous at p = a, one

can get
1 0F, 1 0F;
Bl B.23
p Op  p2 Op (B.23)
From (B.17) and (B.18),
OFE
75—1 = —E'OAlil(klp) (B24)
P
and
OF
-8—,02 = —Eokg[BJ1(kap) + CY1(kap)], (B.25)

thus the third condition is given by,

A,uglil(kla) = Bulk‘QJl(kQ(L) -+ C’,ulngl(kga) (B26)
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The scaling factors A, B, C can now be obtained from equations (B.19), (B.20),and (B.26)

where

A=Au/A, B=Ag/A,  C=Ag/A. (B.27)
Ap = Eopiko[Ji(kea)Yo(kea) — Yi(kaa) Jo(ka)] (B.28)
Ap = —FEopkoY1(koa) Jo(kra) + Eougk: Ji(k1a)Yo(k2a) (B.29)
Ao = —Eppigky Jy(kya) Jo(kea) + EopikaJo(kra)Jy(kea) (B.30)

A = —pikoJo(kia)Jo(kob)Yi(koa) — poki Ji(kra) Jo(kea)Yo(k2b)
- iar Ty (r) Jo (kb Yo (kpa) + ks s (kaa)Yo(kab)Jo(kia)  (B.31)
—  Jo(K2b)Ag + Yo(kab)Ac (B.32)

Once the scaling factors A, B, and C are known, the electric field density inside the rod is
also known from equations (B.17) and (B.18). Then the potential drop can be derived as

follows. The current along the rod can be written as:

a b
I= 27r01/0 El(p)pdp—f—?.?rag/ Eq(p)pdp (B.33)

By applying equations (B.17) and (B.18), (B.33) becomes

I a b b
= 27r(71A/0 Jo(k1p)pdp + 271'0'23/ Jo(kap)pdp + 2%020/ Yo(kap)pdp  (B.34)
0 a a

Use the result of the following integration (1],

nq, 2
/ zYo(z)dx = aYi(a) + - (B.35)
0
one can easily get
a _aYy(ka) 2
/0 Yo(kp)pdp = —— + 75— (B.36)

After integration, equation (B.34) becomes

I
-E; = 27‘(’0’1/104:]1(/610,)/1’“‘1 -+ 27T0'2B[bJ1(k2b) b CLJl(kQCL)]/kQ + 27?'(720[&)}/1(]4321)) - CLYi(kQG)]/k’Q.
0

(B.37)
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Rearrange the above equation to give the electric field intensity on the surface of the rod:

1
Ey = .
° 7 2ro1Aady (kra) /Ky + 2n0aBlbJy (kob) — aJy(kea)] /Ky + 2705 C[bY (ko) — aYi(kea)]/ka
(B.38)
Thus the potential drop including emf is
Vr = Eyl + jwLI (B.39)

where [ is the length measured along the rod between the two contact points, and L is the

self inductance of the measurement circuit. The rod impedance is defined as

Zrod = %ﬁ + JwlL (B.40)

Experimental arrangement and results

ACPD measurement system

A Kepco bipolar operational power supply/amplifier, driven by the internal function
generator of a SR830 DSP lock-in amplifier, is used to inject constant AC sinusoidal current
into the cylindrical rod. The current is injected into the rod through copper loops which
are kept tight contact with the rod surface. A high precision resistor is connected in serial
with the rest of the circuit to detect the current by measuring the voltage (V,es) across it
using the lock-in amplifier. To measure the potential drop along the cylindrical rod (Vyea),
two GSS-8-7-G probes from Interconnect Devices Inc. are kept point contact with the rod
surface. The distance between the two probes is [. The two probes are connected to the
lock-in amplifier by very thin copper wire (0.13mm in diameter). To minimize the self
inductance in the voltage measurement circuit, the two copper wires are twisted together
and are kept as close to the rod surface as possible. Since both Vi and V,.q are measured
by one lock-in amplifier, an electrical switch is added to switch between the two signals.

ACPD measurements are taken in the frequency range of 1 Hz to 10 KHz. A control
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Power Supply

Figure B.1 Schematic diagram of the four-point ACPD measurement sys-
tem.

program is developed to control the lock-in amplifier and the electrical switch and acquire
multi-frequency data automatically. Six cylindrical rod specimens are measured by the
ACPD system: 1 copper rod, 1 non-hardened steel rod and 4 case hardened steel rods.

Their dimensions are shown in Table B.1.

Cylindrical copper rod

The accuracy of the ACPD system is test by taking multi-frequency measurements
on a pure copper rod with a known conductivity of 58MS/m or 100% IACS. Since the
relative permeability of copper is 1, experimental data and equation (B.13) are used to fit
the conductivity o of the rod and self inductance L in the circuit. Results are shown in
Figure B.2. The fit values are o = 58.4MS/m or 100.70% IACS and L = 3.20nH. It is clear
that the system is accurate within 2% and the self inductance in the measurement is very

small.
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Homogenous non-hardened cylindrical steel rod

The non-hardened cylindrical steel rod is assumed to be homogenous. Its conductivity
and relative permeability are estimated by fitting the experimental data with theoretical
model using equation (B.14). Self inductance L can vary in each measurement. Since it
appears as a pure imaginary part in equation (B.14), to reduce error, only real part of the
data are used to fit o and p,.. To give data in different frequencies the equal weight, the
measured rod impedance is normalized by the theoretical rod impedance from the fitted

parameters. Results are shown in Figure B.3. Fitted values are o = 4.84MS/m, u, = 64.2.

Case hardened cylindrical steel rod

Four 1045 carbon steel rods from McMaster-Carr are heat treated by inductance hard-
ening. They have a nominal case depth of 0.5mm, 1.0mm, 1.5mm, and 2.0mm respectively.
Their hardness profile, shown in Figure B.4, is obtained through hardness measurements.
The effective case depth is determined from the hardness profile. Consider the hardness
range of the whole steel rod, one hardness number is selected to calculate the effective case
depth. For the 1045 carbon steel that is used in this experiment, effective case depths are
defined from surface to the 50 HRC point (shown in Figure B.4). Since this definition is
different from the case depth defined in the ACPD model, it is acceptable that the ACPD
measurement will give a different values for the case depth.

For the case hardened steel rods, it is assumed that substrate conductivity o and relative
permeability p,1 of the case hardened rod are the same as the non-hardened homogenous
steel rod. Thus o7 = 4.84MS/m and y,; = 64.2. ACPD measurements are taken on the
case hardened steel rods to estimate the electrical conductivity oy, permeability ps and
case depth d of the outer layer by fitting experimental data to ACPD model using equation
(B.14) and (B.40). Measured impedance data are normalized as Z,, = Z/Zy where Z is the
measured data, and Zj is the theoretical rod impedance calculated using the ¢ and p of

the non-hardened steel rod and dimension of the case hardened steel rods. Again, only real
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part of the data are used for fitting. Fitted values are shown in Table B.2. Figures are
in Figure B.5 and Figure B.6. The effective case depths d, obtained from hardness profile
are also shown. Reasonable agreement is observed between the case depth evaluated from

ACPD measurements and the effective case depth from hardness profile.

Table B.1 Measured dimensions of six cylindrical rods. The last four rows
are for case hardened steel rods with nominal case depth of
0.5mm, 1.0mm, 1.5mm and 2.0mm respectively.

Rod Specimens Length (cm) Diameter (mm)
Copper rod 50.9 11.06
untreated rod 50.3 11.02
nominal case depth 0.5mm rod 50.2 11.00
nominal case depth 1.0mm rod 50.3 11.02
nominal case depth 1.5mm rod 50.2 11.02

nominal case depth 2.0mm rod 50.1 11.02
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Table B.2 Surface layer parameters found by data fitting between ACPD
measurements and theoretical models. Their substrate param-
eters are fixed at o; = 4.84MS/m, ,; = 64.2. Effective case
depth d. is obtained from the hardness profile

Rod Specimens pe  o09(Ms/m) d(mm) d.(mm)
nominal case depth 0.5mm rod 37.1 3.14 0.37 0.38
nominal case depth 1.0mm rod 50.0 3.92 1.62 1.03
nominal case depth 1.5mm rod 50.6 3.93 2.27 1.49
nominal case depth 2.0mm rod 50.7 3.90 2.92 1.90

Conclusion

The ACPD theory for cylindrical rod is developed for both homogenous and layered
rod. By fitting experimental data with the theoretical model, material electromagnetic
properties can be found. ACPD measurement system is set up and its accuracy is verified
to be accurate within 2%. ACPD measurements are taken on a copper rod, a homogeneous
non-hardened steel rod and four case hardened rods. Conductivity, permeability, and case
depth are evaluated by fitting multi-frequency ACPD measurements with the theoretical

model. The estimated case depth using this method is in reasonable agreement with the

effective case depth obtained from hardness profile.
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